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Abstract

Diffuse-interface (phase-field) models are a widely used framework for interfacial dynamics in
complex fluids, in which sharp interfaces are replaced by smooth transition layers and interfacial
forces follow from a free-energy functional. In these models, surface tensions and diffuse
thicknesses are not prescribed directly but are encoded implicitly by the bulk multiwell potential
and the gradient-energy term through one-dimensional equilibrium profiles. While this link
is classical in the binary Cahn-Hilliard setting, calibrating multiphase models is substantially
more delicate because multiple pairwise surface tensions must be matched simultaneously and
the relevant equilibrium paths are constrained by the Gibbs simplex. The practical problem is
therefore: given a chosen bulk potential and a set of target pairwise surface tensions, determine
gradient-energy coefficients that reproduce these targets in the full multiphase model.

Here we present a thermodynamically consistent calibration procedure for N-phase diffuse-
interface free energies of Cahn—Hilliard type. The method determines a symmetric capillary
matrix that matches prescribed pairwise surface tensions through the model’s equilibrium profiles.
We further introduce a rescaling strategy that adjusts diffuse interface widths to mesh-resolvable
values while preserving the calibrated surface tensions. The resulting calibrated free-energy
closure can be incorporated directly into N-phase mixture simulations, and we demonstrate this by
applying it to N-phase Navier—Stokes—Cahn—Hilliard flows.

1. Introduction

Diffuse-interface (phase-field) models provide a versatile framework for interfacial dynamics in
complex fluids, replacing sharp material interfaces by smooth transition layers of finite thickness
(Anderson et al., 1998; Gomez and van der Zee, 2018; Saurel and Pantano, 2018). Their central
appeal is that geometric effects (e.g. curvature-driven motion), topological changes, and contact-line
dynamics can be represented without explicit interface tracking, while thermodynamic consistency can
be built in through an energy-dissipation structure. In diffuse-interface models, interfacial properties
are not specified directly, but emerge from the interplay between a bulk potential and a gradient-energy
term. In particular, pairwise surface tensions and diffuse thicknesses are encoded implicitly through
the Helmholtz free energy and its associated equilibrium profiles. Prototypical realizations of this
paradigm can be traced back to the Cahn—Hilliard theory of phase separation (Cahn and Hilliard, 1958;
Elliott, 1989; Elliott and Garcke, 1996; Novick-Cohen, 2008; Brunk et al., 2026); coupling to fluid
flow yields Navier-—Stokes—Cahn-—Hilliard (NSCH) models, originating from model H (Hohenberg
and Halperin, 1977) and subsequently developed in many variants (Gurtin et al., 1996; Lowengrub
and Truskinovsky, 1998; Ding et al., 2007; Abels et al., 2012; ten Eikelder et al., 2023).

Despite the maturity of diffuse-interface modelling, a persistent practical challenge is calibration
of interfacial physics. In many applications, surface tensions are measurable inputs (or are known from
sharp-interface models Garcke and Stinner (2006); Dreyer et al. (2025)), whereas diffuse-interface
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parameters are not. For two phases!, calibration is straightforward. The one-dimensional heteroclinic
equilibrium (together with equipartition of the free energy) yields a closed-form relation between the
surface tension, the bulk potential, and the gradient coeflicient, and the interface thickness can be
tuned by rescaling the relative weight of bulk and gradient contributions while preserving surface
tension. For multiphase systems, however, calibration becomes substantially more subtle. Pairwise
surface tensions must be matched simultaneously, equilibrium profiles can involve higher-dimensional
composition space, and the mapping from a capillary matrix to the set of pairwise surface tensions is
generally nonlinear and constrained by the simplex structure.

Many multiphase diffuse-interface models have been developed over the last decades, spanning
multiphase-field formulations and multiphase Cahn—Hilliard/NSCH variants Steinbach et al. (1996);
Garcke et al. (1999); Elliott and Garcke (1997); Garcke and Novick-Cohen (2000); Nestler et al.
(2008); Garcke and Haas (2008); Kim and Lowengrub (2005); Boyer and Lapuerta (2006); Boyer and
Minjeaud (2014); Téth et al. (2016); Dong (2018); Wu and Xu (2017); ten Eikelder et al. (2024); ten
Eikelder (2025); ten Eikelder et al. (2026). While these frameworks provide flexible model classes for
N-phase systems, they leave substantial freedom in how the gradient-energy coefficients (capillary
parameters) are chosen. In practice, these parameters are often set by heuristic rules or pairwise
substitutions. The connection between such choices and a prescribed set of sharp-interface surface
tensions is not transparent in general, particularly for multi-junction configurations and asymmetric
surface-tension data. Most of the existing models have a clear connection between parameters and
surface tensions for N = 2, 3. Beyond that some approaches do not have this clear connection or are
even over-determined, Téth (2016); Folch and Plapp (2005); Boyer and Minjeaud (2014).

We discuss two influential approaches in the present context. First, the multiphase-field energy of
Garcke et al. (1999) is designed so that binary interfacial profiles are confined to simplex faces. This
feature simplifies the interpretation of pairwise interfacial contributions and facilitates prescribing
pairwise parameters. Second, the hierarchical constructions of Boyer and co-authors (Boyer and
Lapuerta (2006); Boyer and Minjeaud (2014)) enforce a reduction property when phases are absent
and are typically parameterized by binary limits. In particular, the pairwise parameters are chosen so
that, when the model is restricted to a binary subsystem (i.e. on a simplex face where all other phases
are absent), the resulting diffuse-interface surface tension matches that of the underlying two-phase
model. As such, both of the above two approaches do not consider the general case where equilibrium
interfacial profiles leave the face of the Gibbs simplex.

This leaves open a practical inverse problem that is central in applications. Given a chosen
bulk potential and target pairwise surface tensions, one seeks capillary parameters such that the
diffuse-interface model reproduces these targets through its equilibrium profiles in the full multiphase
setting. The goal of the present work is to provide a practical, thermodynamically consistent calibration
procedure for N-phase diffuse-interface models that connects measurable interfacial data to the
constitutive parameters of the free energy. We focus on the classical free-energy structure in which
the gradient contribution is determined by a symmetric capillary matrix and the bulk contribution
by a multiwell potential (i.e. a Cahn—Hilliard structure). We reconstruct the capillary matrix from
the target surface tensions via one-dimensional equilibrium profiles, combining a linear initialization
based on reference paths in composition space with a nonlinear refinement that iteratively recomputes
equilibrium profiles and updates the matrix until the tensions are matched. In addition, we address the
interface-width selection required for mesh-resolved computations by a rescaling that preserves the
calibrated surface tensions while adjusting diffuse thicknesses to prescribed (numerical) targets. The
outcome is a calibrated free-energy closure for N-phase mixture simulations. We note that selecting an

'In this paper we use the terminology commonly used in the fluid-dynamics and diffuse-interface literature. Namely, the
term phase denotes a fluid constituent, such as water or oil. This differs from the (stricter) terminology in physics, where a
phase typically refers to the thermodynamic state of a material, such as liquid, gas, or solid. We assume the phases to be
incompressible meaning that each constituent has a fixed thermodynamic state and a constant specific density.
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admissible structure for the multiphase free energy and the associated mobility is a separate modelling
problem; this is addressed in ten Eikelder and Brunk (2026a), where we derive mixture-aware
thermodynamic closures (free energy and mobility) within an N-phase NSCH mixture-theory setting.
Furthermore, the design of numerical methods that preserve the structural properties of these models
is addressed in ten Eikelder and Brunk (2026b); related fully discrete energy-stable schemes for
two-phase NSCH models with arbitrary density ratios were developed in ?. Using these results as
a modelling and computational baseline, we demonstrate the present calibration procedure both for
multiphase Cahn—Hilliard dynamics and for N-phase Navier—Stokes—Cahn—Hilliard flows (using the
framework presented in ten Eikelder (2025)).

The paper is organized as follows. In Section 2, we introduce the thermodynamic setting, including
the Gibbs simplex, coexistence points, grand potentials, and the diffuse-interface free-energy densities
used throughout the paper. Next, in Section 3, we derive the pairwise surface tensions associated with
planar equilibrium profiles and develop the calibration procedure for determining the capillary matrix
from prescribed target surface tensions. In Section 4, we define operational pairwise interface widths
from the one-dimensional equilibrium profiles and introduce a global thickness scaling that makes
the interfaces mesh-resolvable while preserving the calibrated surface tensions. In Section 5, we test
the surface-tension calibration algorithm in two-, three-, and four-phase examples and compare the
straight-line initialization with the reconstructed capillary matrices and resulting interface widths.
In Section 6, we apply the methodology to a three-phase lens test and to an axisymmetric rising-
bubble problem, thereby testing the prescribed surface tensions in both equilibrium and flow settings.
Conclusions and outlook are given in Section 7.

2. Thermodynamic setting

This section provides the thermodynamic setting. In Section 2.1, we introduce the volume fractions as
constrained variables on the Gibbs simplex and identify the tangent space for admissible variations.
In Section 2.2, we define coexistence points using constrained bulk chemical potentials, tangent
hyperplanes, and grand potentials. Finally, in Section 2.3, we introduce the class of diffuse-interface
free energies considered in this work, including the bulk free-energy densities and the capillary
contribution.

2.1. Gibbs simplex and admissible variables

We consider the vector of volume fractions ¢ = (¢4, ..., ¢n) under the usual saturation constraint
that )., ¢, = 1. Hence, the vector of volume fractions contains non-negative contributions satisfying
the saturation constraint
D ga=1. @1
a

Hence ¢ lies in the Gibbs simplex G which is given by

G:={peRV:0<¢a<1,) ¢a=1} (2.2)

Correspondingly, for fixed i, the vector dy, ¢ lies in the tangent space to the saturation hyperplane
given by
T(G) :={ceR: ) c,=0}. (2.3)
a
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Figure 1. Gibbs triangle (ternary diagram) for N = 3. Vertices correspond to pure states (¢, = 1), faces to
binary mixtures (one phase identically zero), and the interior to fully ternary states. The simplex boundaries
¢ = 0 are indicated and the point (¢, ¢, ¢3) = (0.2,0.5,0.3) is shown as an example.

This reflects the fact that only N — 1 volume fractions are independent. An example Gibbs triangle
with the associated coordinate axes and simplex boundaries is shown in Figure 1. Furthermore, we
refer to ten Eikelder and Brunk (2026a) for more details on the Gibbs simplex construction.

2.2. Coexistence points and grand potential

This subsection introduces coexistence points for the bulk free-energy density Wy on the Gibbs simplex.
To account for the saturation constraint, we use a constrained bulk potential. This provides a convenient
way to define the tangent hyperplanes and grand potentials associated with coexisting bulk states.

Since the volume fractions satisfy the saturation constraint (2.1), derivatives of ¥y have to be
interpreted on the saturation hyperplane. We account for this by introducing the constrained bulk
potential

N
W,1() = Wo() + A (Z bo - 1) : (2.4)

a=1

where the scalar A is the Lagrange multiplier of the saturation constraint (2.1). On the Gibbs simplex
G we have

Wo,a(@) = Wo(o), (2.5)
but its unconstrained derivative is
0¥ oY,
fo,1 = poa() = a;’f = 8_¢>0 +A1. (2.6)

Therefore the bulk derivative is only determined up to an additive multiple of 1 = (1,...,1)".
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Different choices of A give the same action on admissible variations, since for all 6¢p € TG one has

oY
Ho.1 - 66 = a—dj’ 6. 2.7)

We now consider the existence and description of coexistence points. To this end we first introduce
the tangent plane and the grand potential. Given a point b € G, we define the tangent hyperplane to
WYy at b, restricted to the saturation hyperplane, by

Tp(@) := Yo(b) + po,a(b) - (¢ —b). (2.8)

The value of T}, on the saturation hyperplane is independent of the particular choice of A, since
¢ —-b eT(G) for ,b € G. The grand potential relative to b is the excess of the bulk free energy
above this tangent hyperplane:

Qy (@) = Yo(¢) —Tn (). (2.9)
By construction Qp(b) = 0. Furthermore, if ¢ € G, then Qy(¢) measures the excess of Wo(¢) above
the tangent hyperplane at b. Thus Qp(¢) = 0 means that ¢ lies on the tangent hyperplane defined at b.

Definition 2.1 (Coexistence points). We call an M-tuple of vectors {b(1), ... ,bM)} coexistence
points of M phases if they share a common tangent hyperplane which is supporting on G. That is, the
tangent hyperplanes Ty ), q = 1,..., M, coincide on the saturation hyperplane, and the common
tangent hyperplane satisfies

Yo(@) = Ty (@) forallp e G, andg=1,....M, (2.10)

with equality if and only if ¢ € {bD), ..., bM)}

Geometrically, this hyperplane lies below the free energy landscape and touches the free energy
landscape only at the coexistence points.

Lemma 2.2 (Characterization of coexistence points). The M-tuple of vectors {b(1), ... . b™M)} gre
coexistence points of M phases if and only if there exist scalars Ay, . . ., Ay and a vector p* € RN
such that they have equal chemical potentials:

po.a, (D) = poa, ") gqr=1....M, .11
and satisfy the common-tangent condition:
Q) (b)) =0, gr=1,...,M. (2.12)

Proof. If the points share a common tangent hyperplane, then the tangent hyperplanes at the points
b9 g =1,..., M have the same slope on the saturation hyperplane. This gives the equal-chemical-
potential condition (2.11). Moreover, each point b") lies on the tangent hyperplane constructed at
b(@) | which is precisely the common-tangent construction (2.12).

Conversely, the equal-chemical-potential condition (2.11) gives a common slope, say p*. Hence
each tangent hyperplane can be written as

Ty (@) = Wo (b)) + pi* - (¢ = b)), (2.13)
The common-tangent condition with indices g and r gives

0= Qpir (b)) =Py (")) = Ty (b))
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_ (\Po(b(’)) . -b(’)) - (‘Po(b(‘”) _ .b@) . (2.14)

All tangent hyperplanes thus have both the same slope and the same offset, and hence they coincide. O

In general, coexistence points are characterized by the common-tangent construction rather than by
the values of Wy alone. In certain situations, however, this condition simplifies. If several constrained
minima of Wy have the same bulk free-energy value, then their tangent hyperplanes coincide and the
minima are coexistence points. This gives the following sufficient condition.

Lemma 2.3 (Equal-depth constrained minima). Let bV, ... . b™M) e G be distinct minima of ¥
subject to the saturation constraint. If these constrained minima have equal depth,

Yo(b")) = ¢, r=1,...,M, (2.15)
then bW, ... . bM) gre coexistence points.

Proof. Since b"") is a constrained minimum of ¥, on the saturation hyperplane, the constrained
first-order optimality condition implies that there exists a scalar 4, such that

0¥

%(b(r))+/l,1=0, r=1,...,M. (2.16)

po.a, (b)) =

Thus the equal-chemical-potential condition in Theorem 2.1 holds with common value p* = 0.
Moreover, all tangent hyperplanes at b(") coincide and are equal to the constant hyperplane c:

Ty (@) = Yo (b)) + por, (b)) - ((b -~ b(’)) = c. (2.17)

Consequently, forall r,s = 1,..., M,

Qi (b)) = (b)) =Ty (b)) = c —c = 0. (2.18)
Hence the common-tangent condition in Theorem 2.1 is also satisfied. Therefore b(1), ... b™) are
coexistence points. m|

In accordance with the Gibbs phase rule we find that ¥ = N — M, where F is the number of
thermodynamic degrees of freedom, N the total number of phases and M the number of coexisting
phases, cf. Landau and Lifschitz (1979); Garcke et al. (2004). This means that if we consider
coexistence of M < N phases we have N — M > 0 degrees of freedom. Hence, for the maximal
case M = N, the coexistence points, if they exist, are unique, while in the other cases one expects
hypersurfaces of valid coexistence points. This conclusion can also be derived from a simple counting
argument of the coexistence conditions. For M coexistence points we have M (N — 1) degrees of
freedom, due to the simplex constraint. Equal chemical potentials impose (N — 1) (M — 1) constraints,
and equal grand potential impose M — 1 constraints. Subtraction of constraints from degrees of
freedom yields

M(N-1)-N(M-1)=N-M=F. (2.19)
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Figure 2. Geometric interpretation of coexistence points. (a) A bulk free-energy density with a common tangent
hyperplane, and (b) the associated grand potential.

2.3. Free-energy density

In the following we consider a free energy density of the following form

N

1
¥ (. V) = Wo(9) + 3 a;il KapVa - Vg, (2.20a)

Here ¥y denotes the bulk free-energy density, whereas the gradient term represents an excess free
energy in the interfacial region. Here k,g = kg, defines the symmetric (volume-based) capillary

matrix which is positive semi-definite on the tangent plane and includes both self- and cross-interaction
N

a,pB=1
contains both self- and cross-gradient contributions. This form is compatible with the free-energy

closure used in the mixture-aware formulation of ten Eikelder and Brunk (2026a) and includes capillary
contributions commonly used in multiphase phase-field models, see for example Garcke et al. (1999);
Boyer and Minjeaud (2014).

The bulk part of the mixture-aware closure is given by

terms among phases. The matrix & = (kqp) is assumed to be symmetric, kog = Kgqo, and

¥o(¢) = ) Wabalog(da) = ), Xapbadp, (2.21)
a af

where W, > 0 are the weights of the entropic contributions, and y,pg are pairwise interaction
parameters. For the computations in this paper we use the polynomially regularized version of
(2.21) proposed in ten Eikelder and Brunk (2026a). The free energy (2.21) may be written in the
Flory—Huggins form:
_\ %e
¥o(9) = )y os(d) - gxwmﬁ, (2.22)

for constants polymerization degrees N, @ = 1,..., N. Another quite well-known example is the
three-phase polynomial free energy of Boyer and Lapuerta (2006). This model may be interpreted as a
particular multiphase analogue of the binary Ginzburg-Landau potential:

6
Wo(g1, 42.93) = = (Z163(1 = 41)% + Z203(1 - 62)% + Z303(1 - ¢3)%)
; % AG B, (2.232)

i =vy12+ Y13~ V23, 2o =vy12+ Y23 — V13, X3 =y13+v23 712 (2.23b)
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Here vy, denote prescribed pairwise parameters and A > 0 penalizes fully ternary states. For this
free energy, the relation between the parameters .z and the actual interfacial energies depends on the
associated capillary contribution. We discuss this in Theorem 3.8.

In the incompressible literature it is common to work with capillary matrices that exclude self-
interactions, see e.g. Boyer and Lapuerta (2006). Using the definition of the Gibbs simplex (2.2) and
its tangent space (2.3) we reformulate the gradient contribution.

Proposition 2.4 (Gradient contribution of the free energy). The gradient contribution of the free
energy (2.20) may be written as:

1Y kapVoa Vg = =3 > capVoa - Vg, (2.24a)
a’B a’ﬁ
a<f

Tap = Kaa + Kkpg — 2Kaep = 0. (2.24b)

We emphasize that in general neither «,g nor o,p represents a surface tension quantity. The
(symmetric) capillary matrix o, = 0, captures only the interfacial contributions between different
phases, excluding self-interactions: o4, = 0. In addition, Proposition 2.4 reveals that the choice
Kap = 3(Kaa + kgp) for all @ # S causes the gradient contribution in (2.20) to vanish on the tangent
plane.

Proof. This follows from the sequence of identities:

§ Kaﬁv¢a : V¢B E Kaﬁv¢a : V¢B + E Ka,BV¢a : V¢,3 + E KaaVoao - Voo
Ll/,ﬂ a,ﬁ (l’,ﬁ a
a<f pB<a

= Z (Ka,B + K,Ba)v¢a : V¢B - Z Z KaaVPa - V¢,B
a.B a B
a<f B#a

= Z (K(xﬁ + Kﬁa)v¢a : V¢B - Z KaaVba - V¢ﬁ
a.B

) a,p
a<f a<pf

- Z KaaVPa - V¢B
a’ﬂ
p<a
= > (Kap + Kpa — Kaa — Ksp)Vda - Vop. (2.25)
a,pB

,
a<f

where the first follows from splitting the double sum, the second from the tangent space (2.3) and
rearranging the summation, the third from again rearranging the terms, and the final identity from
combining the terms. m|

3. Surface tension calibration

In this section we describe how the free energy (2.20) determines pairwise surface tensions and
how the capillary matrix « can be calibrated from prescribed target surface tension values. In
Section 3.1, we provide the definition of surface tension for a planar equilibrium interface and derive
the corresponding path-based representation. Next, in Section 3.2 we describe the influence of mass
constraints. In Section 3.3, we introduce a straight-line approximation that provides an initial estimate
for the surface tensions and effective pairwise capillary coeflicients. In Section 3.4, we formulate
an iterative reconstruction procedure for determining the capillary matrix from prescribed pairwise
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surface tensions. Finally, in Section 3.5 we discuss the confinement of the minimizing path to the
corresponding Gibbs simplex face for different free energies.

3.1. Surface tension

Leta,B € {l,...,N} witha # B, and let b(@) pB) ¢ G denote the corresponding coexistence points.
We consider a planar interface with unit normal v and introduce the normal coordinate z = x - v.
To describe the transition from b(®) to b®) let s : R — [0, 1] be a strictly monotone parameter
depending on the normal coordinate z, with

lim s(z) =0, lim s(z) = 1. (3.1)
Z—>—00 Z—+00

A planar one-dimensional interfacial profile is then a curve p'®®) = p(@#)(s) connecting two
coexistence points:

pl 011 -6, p 0 =b, pF(1)=bpP, (3.2)

The corresponding physical profile, written as a function of the normal coordinate, is denoted by
pl@f) : R — G and defined by

P (2) = pP) (5(2)). (3.3)
Hence, the phase-field profile depends only on the normal coordinate through
d(x) = p' P (s) = P (2). (34

With this notation, derivatives with respect to the normal coordinate and the path parameter are related
by
dp(ep)
dz

_ dp(ep)
C dg

(2) = P(aﬁ)'(s(z))ﬁ, Vo QU = p(“ﬁ)'(s)ﬁ . (3.5)
dz dz

The free energy per unit interfacial area associated with the physical profile p(??) is

~(ap) ~(ap)
dpya (2) dp s

dz dz

0

(z)| dz. (3.6)

. R 1
Yap[p'P)] = /_ Qo (PP (2)) + 3 ka

7,6

[Se]

The surface tension between phases « and £ is the minimal free energy per unit interfacial area among
all profiles connecting the two coexistence points:

Yap = inf yap[p'“P]. (3.7)
p(aﬁ)

The same interfacial energy can be written in terms of the path parameter s as:

1
YapP'®?), 2] =/0

a dz 1 aB)r ap)r, ~4s
o (PP () -+ 5 ) Kyany™ pg () | ds. B8
v,0
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For a fixed path p(®#), minimization with respect to the parameterization z = z(s) gives

a J %5 6550y ()P (5)

39
s 20,0 (PP (5)) )
Substitution into (3.8) yields the parameterization-invariant path functional
1
Yop = inf [ P00 (06D Y kyspi™ (9 ()3, (3.10)
p(lzﬁ) 0 y 5
Optimality conditions yield the well-known Euler-Lagrange equations associated with (3.6):
5(ap)
Q@ (ap) d2p6
—_— ) — ) kys———I(2) =0, =1,...,N. 3.11
o P (2) 26] yo—gor— () y (3.11)
Taking the inner product of (3.11) with dp(®#) /dz and integrating with respect to z gives
5(ap) 5(ap)
. 1 dp dp
Qo (0 (2) = 5 ) kys—— () — (@) =C. (3.12)
v,0

dz dz
Using the far-field conditions at z = =*co, together with Qs (b(®)) = Qp(a) (b)) = 0 and
dp(@?) /dz — 0 as 7 — +oo, gives C = 0. Hence, the equilibrium profile satisfies the equipartition
identity

dp@B)  gp(aB)

A 1 p p
Qo (PP (2)) = ) Z Kys gz (2)—2
Y,6

@ (3.13)

Substituting (3.13) into the interfacial energy gives the equivalent physical-coordinate forms

Yop = inf 2 [0y (6 (et

p(“’ﬁ)
) dﬁ("ﬁ) dﬁ(‘lﬁ)
= inf L4 S dz. 3.14
f,1<23> [ ZK76 dz (2) dz (2)dz ( )

© s

Equivalently, using (3.9), the surface tension can be written as the parameterization-invariant path
functional

1
Yap = inf / \/ZQb(m(p(aﬁ)(s))ZKygp;aﬁ)/(s)pfsaﬁ)'(s)ds. (3.15)
p(“ﬁ) 0 y 5

3.2. Effects of mass constraints

In many applications the stationary solutions correspond to minimization of the free energy (2.20),
but under additional constraints, most commonly a mass conservation constraint. This leads to

m(;n/g‘l’((b, Vo) - Z CaolPpg —my) + /l(za: $o—1)

a

= min /Q ¥ (o, v¢>+a<; bo—1) (3.16)
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However, it is not at all clear whether the equilibrium profile related to the surface tension is also a
minimizer of the constrained energy, i.e. we have to clarify the effects of ¢, and A on equilibrium
solutions.

Theorem 3.1 (Equipartition of the energy). Let ¢» be a one-dimensional equilibrium profile connecting
b and BB, with d,¢p — 0 at both endpoints. Then we have the equipartition:

o(¢) - Fo (b)) = 3" Z20:6,0.45, (3.17)
Y,0
where
Wo(¢) = Wo(9) = D éy0y, (3.18)
Y

and whose endpoint values satisfy lT‘O(b(")) = ‘i’o(b(ﬂ)).

The result requires that the tilted potential ¥y is the same for b(®) and b#). This enforces algebraic
conditions on b{® b which can directly be connected to the coexistence points of ¥, and the
grand potential.

Corollary 3.2 (Equal-depth wells). Assume the setting of Theorem 3.1. If the two endpoint values of
the bulk potential are equal, i.e. Wo(b'®) = ¥o(bP)), then the mass multiplier satisfies

¢-(b® —pl@) =0, (3.19)
Moreover, if
¢ (dp(2)-b =0 forallz, (3.20)
then
Yo(9) ~ V(b)) = Y L20.9, 0:45. (321)
Y,0

If, in addition, the common endpoint value is normalized to zero, then

Wo(¢) = ) 2206y 0:95. (3.22)

v.6

Corollary 3.3 (Equipartition for unequal well depths). Assume the setting of Theorem 3.1. If the two
endpoint values of the bulk potential are unequal, i.e. Wo(b'®)) # ¥o(b#)) then

Wo(¢) = Pob' ) ~&- (6= b)) = 3" 20,0, .95, (3.23)
v,0

where one compatible choice of ¢ is

Po(b4)) - Wo(b( "))

) _pl)
b5 piegr 7 ). (3.24)

¢ =

Hence, we observe that, in general, the mass constraint leads to different equilibrium profiles. Note
that surface tension does not depend on such constraints; therefore, it may happen that, for a given
mass constraint, the equilibrium profile at which the surface tension value is attained is not realizable.
The proofs of the above theorem and corollaries are given in Appendix E.
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3.3. Straight-line approximation

The exact surface tension (3.15) is obtained by minimizing over all admissible paths in the Gibbs
simplex. In the calibration problem, however, we also need an explicit initial relation between the
target surface tensions and the entries of «. For this purpose we first approximate the minimizing path
by the straight segment connecting the coexistence points. The resulting expression is generally not
exact, since the straight segment need not be an equilibrium path, but it provides a useful initialization
for the reconstruction procedure below.

For each pair a # 3, we define the straight segment connecting the coexistence points. Thus, for
each pair @ # 3, we set

plP) =@ 4 g(pB) —p(@)), s € [0,1]. (3.25)

The corresponding approximate surface tension is

1
Tap 1= /0 \/29b<a><ﬁ<“ﬁ><s>)Zkyapé"’”’<s)ﬁ;“ﬁ>’(s)ds (3.26)
Y,0

Since p'*8) (5) = bB) — b this reduces to

Fps = / \/mb @ (B (5)) Z Ky5(D(@) = BF)), (b(®) — b8))sds

= Fap\0Tap, (3.27)
where we defined
1
Fop = / \/ZQW (PLP) (5))ds, (3.28a)
0
Fap = ) kys(? —b®), (b(*) —p®),. (3.28b)
Y,0

Remark 3.4 (Alternative forms of the approximate surface tension). The straight-line approximation
(3.27) separates the contribution of the bulk potential, through F oz, from the contribution of the
capillary metric, through & qp. If, in addition, one were to impose the equipartition relation within
this restricted straight-line ansatz, then one would obtain the formal condition

Fop = \Gap, (3.29)
and hence the equivalent identities
Vap = Fop.  Tap = Fap. (3.30)

However, this equipartition condition is not generally satisfied by the prescribed straight-line path,
since such a path is rarely the true minimizing interfacial profile. Consequently, the three quantities
Fop\Tap, F?Z B’ 0 qp should be regarded as distinct in general; they coincide only when the straight-line
ansatz is compatible with the equilibrium equipartition structure.

If the coexistence points are the unit vectors, i.e. b(®) = e, and bB) = eg, we recover the simple
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identity:

Z K),(;(ea - eﬁ)y(ea — eﬁ)g = Kaa — 2Ka'3 + KB = Tap- (3.31)
v,0

Thus, for a given bulk potential and capillary matrix &, the straight-line approximation provides
explicit estimates of the pairwise surface tensions. In the calibration problem we require the inverse
direction: given a bulk potential and prescribed target values y,p, determine a capillary matrix
whose equilibrium interfacial profiles reproduce these surface tensions.

3.4. Reconstruction of the capillary matrix

We now formulate the reconstruction problem for . The coexistence points {b(®)} are determined by
the bulk potential ¥ and are assumed to be available in what follows. In special cases, such as when
the pure phases correspond to the unit vectors, these points are known explicitly. In general, however,
their computation is a separate nonlinear problem and may be nontrivial.

A full symmetric N X N capillary matrix contains N (N + 1)/2 entries, whereas the prescribed data
consist of N(N — 1)/2 pairwise surface tensions. However, due to the saturation constraint, only the
restriction of k to the tangent space (2.3) contributes to the gradient energy. Equivalently, the phases
of k in the direction of 1 are gauge degrees of freedom and do not affect the surface tensions. The
effective number of capillary parameters is therefore N(N — 1)/2, matching the number of pairwise
target surface tensions.

If an equilibrium profile is fixed, then the equipartition form of the interfacial energy implies a
linear dependence on the capillary matrix. Indeed, for an exact equilibrium profile one has

0% /°° K dﬁg&ﬁ) dﬁg&ﬁ)d (3.32)

aB = yo -1 :

~o0 £~ dz dz
Thus, if the profile is held fixed, the right-hand side is linear in the entries of &:
Yap ® ) Aapyokys, @ <P, (3.33a)
v,6
~(aB) ya(ap)
®dp, dp(S

A, = dz. 3.33b
lﬁ,76 [m dZ dZ < ( )

In the algorithm we use this idea in the path-parametrized form. For the current collection of paths
p'®A) we define the path-metric coefficients

1
goh = /0 PP (5)p P (5) ds. (3.34)
For these fixed paths, the effective pairwise capillary quantities satisfy the linear relation

Tap ) 83Eikys. (3.35)
v,0

Collecting these equations for all pairs @ < S gives a linear system for the entries of . To assemble
this system, we enumerate both the pairwise surface-tension data and the entries of the capillary matrix.
The row index u labels the unordered phase pair (@, 8) with @ < 8. We use the lexicographic ordering

(1,2),(1,3),...,(1,N), (2,3),...,(2,N),..., (N = 1,N). (3.36)
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Thus the pair («, B) is assigned the index

a-1

n@p =) (N-nN+({B-a), a<p (3.37)
r=1

The first term counts the number of pairs whose first index is smaller than «, while the second term
gives the position of 8 among the pairs starting with @. Hence u ranges from 1 to N(N — 1)/2.
Similarly, the column index v labels the entries of «. In the algorithm we vectorize the full matrix
column by column, namely

M, = ks, v(y,8) =y + (6 — )N, v, 0=1,...,N. (3.38)

With this convention, the coefficient multiplying «, s in the equation for the pair (a, ) is placed in the
matrix entry G (a.8),v(y,5) = g;’ﬁé. Collecting all pairwise equations gives the matrix system

o~ GM, G eRNWN-D/2N (3.39)
where (o) = 0ap- The least-squares problem

M € argmin |GM - o, (3.40)
M

therefore determines a vectorized capillary matrix that best matches the prescribed effective pairwise
coeflicients for the current paths. The updated capillary matrix is then set to

k = mat(M), (3.41)
where the inverse vectorization map mat is defined by
mat(M)ys = M, (y,s5)- (3.42)
Because only the restriction of the quadratic form associated with k to the tangent space
1t:={qeR":q-1=0} (3.43)

affects the gradient energy, the least-squares solution is not unique when the full matrix & is represented.
phases in the direction of 1 are gauge degrees of freedom. We select the minimum-norm least-squares
representative, which fixes this gauge.

The updated capillary matrix is then used to recompute the one-dimensional equilibrium profiles
and the corresponding surface tensions. If the computed surface tensions do not match the prescribed
targets, the process is repeated.

This leads to the design of algorithm 1. It should be noted that energy equipartition (3.13) can be
checked by computing all three different equations in Section 3.1. In general, we do not expect that the
solution is positive-definite on 1+ cf. Remark 3.6.

The reconstruction described above assumes that the coexistence points associated with the
prescribed phases are distinct. If two coexistence points coincide, the corresponding pair does not
define an independent material interface and the calibration reduces to a lower-dimensional problem.
This reduction is described in Appendix A.

Remark 3.5 (Straight-line approximation). When adopting a straight-line approximation, one can
resort to a least squares problem using distance matrices. In practice one has to include tolerances
and positive definiteness checks of k on the subspace 1*+. A crucial part is to solve for the equilibrium
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Algorithm 1: Surface-Tension—Consistent Reconstruction of K

Input :b(®), targets Yap- tolerance tol > 0
Output 7,5 and K with ||yog — Vapll < tol

.Set pl@8) =b(@ 4 5(b#) —b(®) for @ < 8. while true do

1 ’ ’
Compute gf;fs = fo pff’ﬁ) (s)p(;ﬁ) (s)ds.

Define index maps n = Z;’;ll(N -rN+(B-a),v=y+(6-1)N.
Set G,y = g;"é so that G € RN(N-1)/2xN?

Form o with entries o,, = 0,z and the model o0 = GM.
Compute M € arg ming; ||GM —ol.

Set kK «— mat(M).

Solve for the equilibrium profiles (given b(?®) and k).

Compute the surface tensions ¥ 4.

if ||'yop — Vapll < tol then
L return y.g, K

profiles, which is presented in detail in Appendix B.

Remark 3.6 (Total spreading). In the case of total spreading, i.e. for N = 3: yo > Yas + Vsp and
its higher-dimensional extensions, cf. Boyer and Minjeaud (2014), a smooth minimizer does not exist.
As a consequence, this case is not accounted for by the algorithm (it would break down).

3.5. Face confinement of minimizing profiles

The preceding surface tension formula involves a minimization over admissible paths in the Gibbs
simplex. Whether the minimizing path between two coexistence points is confined to the corresponding
simplex face depends on the choice of free energy. We make this distinction for the Flory—Huggins
free energy and the Boyer free energy.

We show that for the mixture-aware free energy, an energy-minimizing interfacial profile cannot
lie exactly on a Gibbs-simplex face.

Theorem 3.7 (No face confinement for the mixture-aware free energy). Let N > 3. A profile that is
confined to a Gibbs-simplex face on a nontrivial interfacial region cannot be a local minimizer of the
total mixture-aware energy with W, = W > 0 and finite coefficients x o and k op.

For the free energy proposed by Boyer (2.23) we show that the minimizing profiles lie on the faces
of the Gibbs simplex.

Theorem 3.8 (Exact face confinement for the Boyer free energy). Let N = 3. For the Boyer free
energy defined in Boyer and Lapuerta (2006), with positive pair coefficients and nonnegative ternary
penalty, every energy-minimizing one-dimensional profile connecting two pure states is confined to
the corresponding Gibbs-simplex face. Moreover, the minimum energy equals the prescribed surface
tension of that pair.

The proofs of Theorems 3.7 and 3.8 are provided in the Appendix E.
4. Interface width calibration

In this section we define and calibrate the diffuse-interface widths associated with the pairwise
equilibrium profiles. In Section 4.1, we introduce an operational definition of the a—f interface width
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based on the normal-coordinate profile and a prescribed transition interval. In Section 4.2, we fix this
interval by requiring that, for the standard binary double-well model, the resulting width coincides
with the nominal interface-thickness parameter. Finally, in Section 4.3, we introduce a global thickness
parameter and use it to set a mesh-resolvable representative interface width without changing the
calibrated surface tensions.

4.1. Interface width

We define an operational interface width for the equilibrium profile p(®#) (z) introduced above. The
interface width between b(®) and b'®) is determined by fixing constants ¢ and b with0 < a < b < 1,
and measuring the extent in z (the physical coordinate normal to the interface) over which the profile
transitions between a and b. By construction, the width £,4(a, b) depends on (a, b): moving a and
b closer to the pure phases increases the portion of the diffuse tails included in the measurement.
For typical diffuse—interface models the equilibrium profile approaches the pure phases only only
asymptotically as |z| — oo, so that the tails extend to |z| — oo and £,3(0, 1) would diverge. We
therefore restrict to 0 < a < b < 1 and regard £,p(a, b) as an operational definition that must be fixed
by convention.

To avoid a definition that depends on a distinguished phase label, we use the antisymmetric
difference

dap(2) = Pa(2) = Pp(2), 4.1)
and choose the symmetric face-projection parameter

_ 1+ 5p(x) = Pa(z) _ 1-dap(2)

s(2) : 2 2

(4.2)

Givenabracket0 <a <b < 1,wesetl, :=1—2aand{, :=1-2b,sothat s(z,) =aand s(zp) = b
are equivalent to d,3(z4) = €4 and dog(2p) = {,,. We then define z, and z;, as the (unique) normal
coordinates where

daﬁ(za) =g, daﬁ(zb) = {p, 4.3)
(assuming d .z is monotone across the interface) and set the profile-based interface width as
£ap(a.b) = |25 — 2dl. (4.4)

This definition depends only on the pair («, 8) through the antisymmetric difference d,g and is
therefore invariant under relabeling of phases. The construction is illustrated in Figure 3 for the three
pairwise interfaces in an N = 3 mixture. The upper panels show the equilibrium volume-fraction
profiles, while the lower panels show the difference fields d;;(z) used to determine the crossing points
Zq and zp.

The same width can be evaluated from the free-energy representation of the equilibrium path.
First we note the identity

Saﬁ(a’b) = |Zs:b - Zs:a’ =

b
dz
2 a, 45
/a ds ‘ >

which holds for the equilibrium path parametrized by a strictly monotone scalar parameter s : R —
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Figure 3. Interface-width construction for the three pairwise interfaces in an N = 3 mixture. In each
subfigure, the upper panel shows the equilibrium volume-fraction profiles ¢, (z) across the indicated interface.
The dashed vertical lines mark the normal coordinates z, and 7, and the horizontal arrow indicates the
measured width &;;(a, b) = |25 — z4|. The lower panel shows the corresponding antisymmetric difference
field d;;(z) = ¢:(z) — ¢,(z); the coordinates z, and z; are determined by the crossings d;;(z4) = {4 and
dij(zp) = lp.
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[0, 1]. Inserting (3.9) into (4.5) yields the free-energy-based expression

_ [ PP (s)
gaﬁ(a,b) —L \/ng(a) (p((l/ﬁ)(s)) ds.

4.2. Specification of the interface width parameters

(4.6)

We specify a and b so that the standard interface width associated with the standard double well
potential for 2 phases is returned. As such, we consider a two—fluid system for which we introduce a

single order parameter ¢ := ¢ so that ¢ = 1 — ¢;. The free—energy density can be written as

. 1
Y=Y (o) + 5012V¢ Vo,

(4.7)

where W (¢) := Wo(o, 1 — ¢) and where o2 = k11 — 2k12 + k2. We take the standard double well
potential ¥y = 4W¢>(1 — ¢)? (which may be written as W(1 — ¢?)?/4 with ¢ = ¢ — ¢») for which

we find:

o 1 a

b
i _ i ~1 .
4W\/§(0g1—b 14

2
Y2 = Waoia, en(a,b) =

We proceed in three steps:
1. Symmetric bracket. We choose a and b symmetrically around ¢ = 1/2, i.e.
1-b< ! <b=1
a=1- = =1-a.
2

Substituting this into the expression for €15 (a, b) yields

o 1 b?
812(a,b) = W%logm

2. Standard scaling. A common parametrization in phase—field models is

o2 = 4ye, W=Z,
€

(4.8)

4.9)

(4.10)

@.11)

where v is a characteristic surface—tension scale and € is a nominal interface thickness parameter.

With this choice we find \/o12/(4W) = €, so that the interface thickness becomes:

1 2
enla,b) = e—log

V2 T (1=b)*

(4.12)

3. Matching the nominal thickness. We now define a and b by requiring that the interface width

coincides with the nominal thickness, i.e.
en(a,b) =e.
This leads to

1
b= 1 +tanh|——|] = 0.670,
Et)

| =

(4.13)

(4.14)
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(a) Double-well bulk potential W (¢) = 4¢>(1 — ¢). (b) Equilibrium one—dimensional interface profile ¢(z).

Figure 4. Visualization of the interface width for the standard double well potential.

and thus a = 1 — b ~ 0.330. This fixes a concrete, symmetric bracket (a, b) that reproduces
the standard interface thickness € for the double—well potential. In Fig. 4a we plot the bulk
potential ¥o(¢) = 4W@p?(1 — ¢)%. The red vertical lines and the shaded band indicate the
interval [¢ = a, ¢ = b], which is the portion of composition space that we count as interface
width €17 (a, b). In Fig. 4b we show the corresponding equilibrium profile ¢(z) for the same
potential and capillary coefficient.

We thus set the interface width as £,5 = €45(a, b), where a and b are defined above.

4.3. Mesh-resolvable interface width
To expose explicitly the diffuse-interface thickness scale, we introduce a parameter £y > 0 and choose
w

Wa = 5 Kaﬁ = SOEa,Ba (415)
€0

where W > 0 and K op are independent of &y. Substitution into the interface width formula (4.6) gives
Eap = E0€ap (4.16)

where the reference pairwise interface width is

b _
- P () Rp'(5)
cap “/a \/2Qb<a><p<aﬁ>(s)> s @17

where Qp(a) = £0Qp ) denotes the corresponding excess energy contribution obtained with W. Since
an N-phase mixture generally contains several pairwise interfaces, the values £,4 are in general not

identical. We therefore define the representative interface width as the thinnest pairwise width:

£:=min&gyp = o Min €43. 4.18

a<pB ap 0 a<f aB ( )
Consequently, prescribing the representative width £ determines £q9. With this choice, the thinnest
pairwise diffuse interface has width &, while all other pairwise interfaces are at least as wide. In the
numerical simulations we choose ¢ in relation to the mesh size. The surface tensions are unaffected by
this choice of &.
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5. Numerical experiments for surface tension calibration

In the following we will employ our algorithm to compute capillary matrices and the associated
interface width from a given bulk potential and surface tensions. In Section 5.1, we first consider
two-phase examples, including the Ginzburg-Landau potential for which an exact reference formula is
available. In Section 5.2, we study a three-phase system and compare the behavior of the Boyer and
regularized Flory—Huggins free energies. Finally, in Section 5.3, we consider a four-phase example.
In Appendix A we provide numerical experiments for a reduction-consistent case (N = 3 to N = 2).

The algorithm is implemented in Python using NGSolve Schoberl (2014) to solve for the equilibrium
profiles and to compute the surface tension, by solving the Euler-Lagrange equations via Newton’s
method. The tolerance for the Newton update is 10719 and the surface tension error (Euclidean norm)
is 1078, We will consider the result of the straight-line approximation () and the converged capillary
matrix (Keq). Furthermore we also compute the approximate interface widths for the equilibrium
solutions related to Kegq.

5.1. Two-phase cases

To verify our results we first apply our scheme for the Ginzburg—Landau potential Wy (¢, ¢2) = 4¢%¢§
and choose y1» = 0.007. The algorithm results in

2.7562 -2.7562
-2.7562 2.7562 )’

5.5028 -5.5028

_ -5
ro =10 ~5.5028 5.5028 |

Keq = 1077 -

For this potential, the exact surface tension is

V2
y2(k) = = Vkn - 2K12 + Kk22. (5.1)

Using (5.1) for the initial and converged matrices gives
v12(Ko) = 0.00495, Y12(Keg) = 0.00699. (5.2)

Thus the straight-line initialization underestimates the prescribed surface tension, whereas the
reconstructed matrix recovers the target value up to the specified tolerance.

In the remaining experiments we use the polynomial regularization of the mixture-aware potential
described in ten Eikelder and Brunk (2026a). We start again with a simple two-phase system and
choose again yj» = 0.007. The visualization of the interface is given in Figure 5 with interface width
e = 0.0071 and the capillary matrices

24517 -2.4517
—2.4517 2.4517)°

4.8955 —4.8955

_1n-53
Ko =10 —4.8955 4.8955 |-

Keq =107
Using (5.1) we find

’}/12(&0) = 0.004669, ’ylz(lﬂ',eq) = 0.006598. (53)

Although this formula is not exact for the regularized Flory-Huggins potential, it provides a useful
indication of the size of the correction from K¢ t0 Keq.
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Figure 5. Equilibrium profile for the two-phase regularized Flory—Huggins example.

5.2. Three-phase cases

Next we consider three phases, i.e. N = 3, and choose as surface tensions
y12 = 0.007, v13 = 0.005, v23 = 0.006. 5.4

For the Boyer potential (2.23) we verified that the algorithm yields, up to discretization and round-off
errors, the exact capillary matrix, cf. Theorem 3.8. In the case of the regularized mixture-aware
potential the resulting capillary matrices are:

2.4906 -2.0458 -0.4447 5.9377 -4.9313 -1.0064
ko =1072|-2.0458 3.2244 —1.1785|, Keq = 1077 -4.9313  7.7978 -2.8664|. (5.5)
-0.4447 -1.1785 1.6233 -1.0064 -2.8664 3.87287

The corresponding interface widths are
e12 = 0.0084, e13 = 0.0060, &23 = 0.0071. (5.6)

The equilibrium profiles and their projection onto the Gibbs simplex are shown in Figure 6. The
markers in the equilibrium profile plot correspond to the same markers in the Gibbs triangle.

5.3. Four-phase cases
Finally we consider a four-phase system. This is the smallest N such that there are more interfaces

than phases. We choose

v12 = 0.007, y13 = 0.01, v23 = 0.009,
v14 = 0.006, v24 = 0.005, v34 = 0.009. 5.7

The computed interface widths are

E1n = 0.0104, €13 = 0.0150, &3 = 0.0131,
€14 = 0.0085, &4 = 0.0072, e34 = 0.0130. (5.8)
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Figure 6. Equilibrium profiles for the three pairwise interfaces in the N = 3 regularized mixture-aware potential,
together with their projection onto the Gibbs simplex.



ten Eikelder and Brunk 23
1.0 1 1.0
—— -
—— ¢2 —— ¢2
0.5 —— 03 0.5 —a— ¢3
—— ¢4 - ¢4
0.0 ¢ | ] | | 0.0 1= s I ; :
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
1.0
0.5
0.0 1¢ ! ] !
0.00 0.25 0.50 0.75
1.0 { ey 1.0 —
- ¢ —— P
—— P2 —— ¢
0.5 1 —— 3 0.51 —— 3
—— ¢4 ——
0.0 | prrrrres e Sosssas vy | 0.0 14 : ! . .
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

Figure 7. Equilibrium profiles for the six pairwise interfaces in the N = 4 regularized mixture-aware potential.

The corresponding capillary matrices are

4.6031 —1.0507
~1.0507 3.1021

_ -5
R0 =107 2 4774 23266
~0.0750 0.2751
13682 —0.3156
~0.3156 09151

—10-4
feq = 10771 | 05881 —0.7243
0.0062  0.1248

-3.4774 -0.0750
-2.3266 0.2751
8.4558 -2.6518 |’ (59)
-2.6518 2.4517
-1.0588 0.0062
-0.7243  0.1248
2.6552 -0.8721 | >-10)
-0.8721 0.7410

The resulting interfaces are depicted in Figure 7, and their projections into the Gibbs simplex in Figure
8. As in the three-phase case, the markers in the equilibrium profile plot correspond to the same

markers in the Gibbs simplex.

5.4. Positive definiteness and convergence behavior.

The matrices reported above are not positive definite on R”V. However, they are positive definite on
the restricted space 1+, which is the relevant space due to the saturation constraint. If one insists on a
positive definite matrix on the full space, one can use x + @1 ® 1 for « large enough.
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Figure 8. Projection of the N = 4 equilibrium profiles into the Gibbs simplex.

In all three cases we computed the error of the approximated surface tension in the standard
Euclidean norm as well as the error in the L?(—1, 1)-norm of every interface configuration between

two successive iterates (j + 1 and j), i.e. ||¢(O'[’;1) - qbg’; || ;2 for all interfaces a — B (see Figure 9).

6. Applications

In this section we apply the calibrated free-energy closures in two model problems. First, in Section 6.1,
we consider a three-phase lens test. This test isolates the effect of the calibrated pairwise surface
tensions by comparing the equilibrium triple-junction angles with the sharp-interface Young’s law.
Second, in Section 6.2, we consider an axisymmetric Navier—Stokes—Cahn—Hilliard simulation of a
gas bubble rising through two stratified liquid layers. This example tests the calibrated closure in a
density-contrast flow with three interacting interfaces. The precise definition of the NSCH model is
provided in Section D (and its associated CH model is provided in Section C).

6.1. Lens test

The lens test is a standard equilibrium test for three-phase surface-tension calibration. Starting from a
nonequilibrium configuration, the phase fields relax toward a lens-shaped equilibrium in which the
three diffuse interfaces meet in a triple-junction region. In the corresponding sharp-interface setting,
the contact angles are determined solely by the three pairwise surface tensions through Young’s law,
Té6th (2016). The purpose of the test is therefore to verify that the calibrated capillary matrix produces
the prescribed surface-tension ratios at equilibrium.

We consider the final time T = 1 and the domain Q = [0.3,0.7] x [0.1, 0.4] and periodic boundary
conditions in x-direction and closed boundary conditions in y-direction, i.e. zero-flux for 23 MapVgps



ten Eikelder and Brunk 25

10°
— Zopllvap—Vepl = 1987V - #%l:  1g-3
Il Y —oli:  —— oLy ~ oLl
—— 1935 - o35l 1695 = %ls -6
—— 635"~ ol
5 10 15
Iterations (j)
(a) Legend for all three plots (b) Error in surface tensions and iterates for N = 2.
0
10 100
10_3 10—3
10_6 10—6
5 10 15 5 10 15 20
Iterations (j) Iterations (j)
(¢) Error in surface tensions and iterates for N = 3. (d) Error in surface tensions and iterates for N = 4.

Figure 9. Convergence behavior of the surface-tension reconstruction algorithm. The plots show the surface-
tension error and the L?(—1, 1)-norm of the change in the pairwise equilibrium profiles between successive
reconstruction steps.

and homogeneous Dirichlet boundary conditions for v. We consider well-known lens test initial data,
cf. Yang (2021), given by

0.09 — —-0.5)2 —0.25)2
z1 = 0.5tanh Vix )A +(y ) +05,
0.5¢
4(y—-0.2
2=~0-2z) (0.5 + 0.5 tanh (M)) ,
&

¢o=(z2,1-z1—22,21)", vo=1(0,0",

with initial scaling parameter & = 1072, To accelerate the convergence to equilibrium we take the
constant mobility matrix Meg = dop — % (instead of the degenerate mobility matrix), the constant
viscosity v = 0.1, and equal partial densities p; = p2 = p3 = 1. We use the mixture-aware free energy,
and set the surface tensions to y12 = 0.07, y23 = 0.05, y13 = 0.06 which results in the capillary matrix
(5.5). We choose the time-step 7 = 10~ and mesh resolution # ~ 0.0033.

For a sharp interface Young’s relations, Garcke et al. (1999), implies that the contact angles
01, 8>, 03 are determined by the surface tensions by

Y3 _ Y13 _ Y12
sin(fy) sin(#) sin(63)’

The angles can be computed by constructing a triangle with side lengths y,g. In this case the 6, in
rad, correspond to the external angles which yields

2 2 2
Y2t 7Yiz—7
6, = m — arccos (M s

2y12713
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Figure 10. Temporal evolution of ¢, + %q&l for the times ¢ € {0,0.01,0.02,0.05,0.1,0.15,0.2, 1}
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Converting to degrees is obtained by multiplying with 180/7. In the above situation the exact
angles can be computed and are given by 6 ~ 135.584°, 0, ~ 122.878°, 03 ~ 101.536°.

The temporal evolution of the volume fraction is visualized in Figure 10 and shows the evolution
from the spherical initial configuration of ¢ towards the expected lens shape. In the diffuse-interface
representation the relation holds only approximately and the triple point corresponds to a whole region.
We located one triple point at (0.633,0.248) and obtained the following errors in the angles:

161 = 01 num| = 1.317°, |02 = 02 pum| = 1.006°, 03 — 3 num| = 0.310°, (6.1)

and in Young’s law:

Y23 Y13

: - — = —0.0024, (6.22)
Sln(el,num) Sln(02,num)

Y13 Y12
: - — = 0.0007, (6.2b)
s1n(02,num) Sln(93,num)

23 2 - 0.00164. (6.2¢)

Sin(el,num) - Sin(63,num) B

6.2. Three-fluid rising bubble problem

We next consider a three-fluid benchmark in which a gas bubble rises through a vertically stratified
configuration of two immiscible liquid layers. The test involves three distinct pairwise surface tensions,
large density and viscosity contrasts, and a strong interaction between the bubble interface and the
liquid-liquid interface.

Initially, the heavy liquid, denoted by phase 2, occupies the lower part of the domain, while the
lighter liquid, denoted by phase 3, occupies the upper part. A spherical gas bubble, denoted by phase
1, is placed in the lower liquid below the initially planar liquid-liquid interface.
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The computation is carried out in an axisymmetric setting using an axisymmetric version of
the structure-preserving finite element method proposed in ten Eikelder and Brunk (2026b). The
computational domain has size 2r X 15r and is discretized by 64 x 480 finite elements. We choose
the time-step size At = 0.5h and the interface width & = h, where h denotes the mesh width. The
initial configuration consists of a diffuse, nearly planar interface between the two liquid layers, phases
2 and 3, and a diffuse spherical bubble of radius r, phase 1, placed in the lower liquid phase below this
interface.

The target surface tensions are

y12 = y13=0.07Nm™, ¥23=0.05Nm™". (6.3)

We use the algorithm provided in Section 3.4 to calibrate the capillary matrix and the interface widths.
This provides the target surface tensions and interface widths:

4.1361833328 —6.5504823549 —1.7218843107

R =107°[-6.5504823549 6.5504823549 —6.5504823549 (6.4a)
—1.7218843107 —-6.5504823549 4.1361833328

&12 = 0.0819004278, &3 =0.0581144728, &p3 = 0.0819004278, (6.4b)

g0 = 2.15092719 x 1073, (6.4¢c)

The densities and viscosities are

phase density p [kgm™] viscosity 77 [Pas]
bubble (¢1) 1 1074
heavy liquid (¢7) 1200 0.15
light liquid (¢3) 1000 0.10
Gravity acts in the vertical direction, g = —ge,, with g = 9.81 ms~2. No-penetration boundary

conditions are imposed on the velocity at the outer boundary, and homogeneous Neumann conditions
are used for the phase fields and chemical potentials.

The qualitative outcome of this benchmark depends on the bubble size. Bubbles below a critical
size may remain trapped at the liquid—liquid interface, whereas larger bubbles are expected to cross the
capillary barrier and enter the upper liquid layer. Following Greene et al. (1991, 1988), this transition
is estimated by the critical bubble volume

3 VY23 8 3
Vp=|2n|— —_— ~ 8.87x107°m’. (6.5)
4n (b3 —p1)g

The corresponding critical spherical radius is

3V, 1/3 X
=[=£] =~276%x10°m. 6.6
= (32) m 66)
In the present computation we consider a bubble of radius r = 4.0 x 1073 m, so that > r,. The
criterion therefore predicts penetration of the liquid-liquid interface. Additional bubble radii for the
same benchmark were considered in Boyer et al. (2010); ten Eikelder and Brunk (2026a).

Remark 6.1 (Scaling estimate for the penetration criterion). The penetration criterion follows from
balancing buoyancy against the capillary force resisting deformation of the liquid-liquid interface. In
the axisymmetric setting, the estimate is three-dimensional. For a bubble of volume V = %ﬂR3, the
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buoyancy force is Fj, = (p3 — p1)gV, while the capillary force is estimated by F), = 2nRy23. The
critical volume is obtained from F;, = F,, which gives

3/2
V. =2 (i)l/3 s o= (3&)1/3 — 37’# 6.7)
P dn|  (ps-png) P\ an 2(p3 - p1)g

The computed evolution is shown in Figure 11. Consistent with the estimate (6.5), the bubble
radius is above the critical value and the capillary barrier at the liquid-liquid interface is overcome.
The bubble enters the upper liquid layer and entrains a thin column of the lower liquid during the
penetration process. This qualitative behavior agrees with the observations reported in Boyer et al.
(2010) and with the computations in ten Eikelder and Brunk (2026a).

(a) 0.00 s (b) 0.05 s (©0.10s (d)0.15s
~ ’/ ~
(e) 0.20 s #0.25s (2)0.30s (h) 0.35s

Figure 11. Axisymmetric rising-bubble benchmark in two stratified liquid layers. Iso-contours of the phase
distribution. The gas bubble rises from the lower liquid, crosses the liquid—liquid interface, and entrains a thin
column of the lower liquid during penetration.
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7. Conclusions

We have developed a surface-tension calibration procedure for N-phase diffuse-interface free energies.
The method determines a symmetric capillary matrix from prescribed pairwise surface tensions by
using one-dimensional equilibrium profiles in the Gibbs simplex. A straight-line approximation
provides an initial estimate, after which the capillary matrix is iteratively updated using equilibrium
profiles computed from the Euler—Lagrange equations. We also established precise face-confinement
properties for the two bulk free energies considered in this work. For the regularized mixture-aware
free energy used here, which was proposed in ten Eikelder and Brunk (2026a), minimizing profiles
are not exactly confined to Gibbs-simplex faces. In contrast, for the Boyer free energy we proved
exact face confinement of the minimizing profiles. These results put these two free-energy choices on
different geometric footings and show that calibration for general multiphase free energies cannot rely
only on face-restricted binary profiles. The numerical calibration tests for two-, three-, and four-phase
systems show that this reconstruction accurately recovers the prescribed surface tensions, whereas the
straight-line approximation alone is generally insufficient.

After calibrating the surface tensions, we introduced a definition of pairwise interface width based
on the normal-coordinate equilibrium profiles. This makes it possible to compare the widths of
different pairwise interfaces and to define a representative numerical interface width. By introducing
a global thickness parameter, the diffuse interfaces can be made resolvable on a chosen mesh while
leaving the calibrated surface tensions unchanged.

The calibrated free-energy closures were then used in application tests for three-phase Navier—
Stokes—Cahn—Hilliard models. The lens test demonstrates that the calibrated surface tensions lead
to the expected equilibrium interfacial configuration in a multiphase Cahn—Hilliard setting. The
rising-bubble simulations show that the same calibrated closure can be used in density-contrast NSCH
flows, where capillary effects, hydrodynamics, and multiple interfaces interact.

Overall, the proposed procedure provides a practical route from prescribed pairwise surface
tensions and mesh-resolution requirements to a calibrated multiphase free-energy closure suitable
for computation. Future work includes the treatment of total spreading regimes, where a prescribed
pairwise surface tension may be larger than the sum of two others and a smooth direct minimizing
profile may fail to exist. Extending the calibration to such cases would require accounting for
composite interfaces and possible wetting layers. A second direction for future research concerns the
determination of coexistence points, which seems to be a nontrivial problem in general.

A. Reduction for coinciding coexistence points

In this section, we sketch for N = 3 what happens when two coexistence points coincide and how to
recover the capillary matrix for given surface tensions (y12, ¥13, ¥23). We assume that the coexistence
points have the form

b = p@ = (p.p.q), b3 = (r,r,s), pET, q#5, (A.1)

with 2p + g = 1 and 2r + s = 1. The first two phases have identical coexistence states and cannot be
separated by an independent diffuse interface. To exploit this degeneracy, we introduce the variables

_$1t¢é

> w3 = ¢3. (A.2)

wi = ¢1 — ¢, w2
In these variables the coexistence points become

b =b@ = (0, p, q), b =(0,r, ). (A.3)
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The reduced problem is therefore obtained by setting w; = 0, equivalently ¢; = ¢, and considering
profiles in the two variables w = (w7, w3). These profiles connect the reduced coexistence points

b1 = (p,q), b®) = (r,s). (A.4)

Since b(!) = b the 1-2 interface is not represented as an independent material interface. Hence
v12 does not enter the reduced calibration. The effective surface tension between the merged phase
pair (1,2) and phase 3 is taken as

. 1
Y123 =5 (y13 +723) . (A5)

The reduced two-phase calibration gives a matrix req € R?*? which, in the present case, has the form

Kred = ( ¢ _a) : (A.6)

—a a

We then reconstruct a full 3 x 3 capillary matrix by requiring

-
T Ve, Vo

Vw, Vwy\

(ng) Kred (Va)g) = Voo | Krn| V2. (A7)

Vs Vs

Substitution gives

EN[SWNIN
ENINENIN
[STISESTINY

Kl = (A.8)

|
ST

|
[

IS}

We illustrate the reduction on a three-phase test case in which the first two coexistence points
coincide, i.e. taking y.p = 2.0753225 if a8 € {11,12,21,22,33} and zero else. The reduced
two-phase calibration is first carried out for the transition between the merged pair (1, 2) and phase
3 using y13 = 0.05, v23 = 0.06. The resulting reduced capillary matrix is then lifted to the original
three-variable representation as described above. This produces the straight-line initialization and
equilibrium-profile reconstruction:

3.783  3.783 -7.567 7.656 7.656  —15.312
ko=107%| 3.783 3.783 -7.567|, Keq = 107°%| 7.656 7.656 —15.312].
-7.567 -=7.567 15.135 -15.312 -15.312 30.625

The corresponding equilibrium profile and its path in the Gibbs triangle are shown in Figure 12.
The proposed construction can directly be extended to N phases with two coinciding coexistence
points.

B. Computation of equilibrium profiles

For each interface (a, ) we compute a 1D equilibrium composition profile ¢(z) = (¢1(z), ..., dn(2))
on Q = (0, L) by enforcing stationarity of the constrained phase—field energy. The unknowns are
(¢, 1), where A(z) is a Lagrange multiplier for the simplex constraint Z)IY:I ¢y = 1.
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Figure 12. Equilibrium profile for coinciding coexistence points and the associated visualization in the Gibbs
triangle.

With a symmetric capillary matrix & € RN*N and bulk potential ¥((¢), the functional is

Ly
&(¢.1) = /0 [ 2. Z kinn B3 (2) 87, (2) + Wo(b(2)) + A(z)(z () -1)|dz. B
m=1 n=
Stationarity of (B.1) yields the coupled system of Euler—Lagrange equations:
d (&
_d_z(; Ko ¢n(z)) + &Tm(cp(z)) +A(z) = m=1,...,N, (B.2a)
Z ¢r(z) —1=0. (B.2b)

In the code, the equilibrium profile is obtained by solving the first-order optimality conditions of
the constrained 1D phase-field energy for the unknowns U = (¢p,, ;) € (H'(Q))N x H'(Q) on

= (0, L), where A enforces the simplex constraint Zk | ¢« = 1. With a symmetric capillary matrix
K and bulk potential ¥(¢), the weak residual is defined by

Ly
RU; W) := Kmn ¢nh mh _(¢h) Vm,h
0

m,n=1

+ An Z Vin,h +,Uh(z Pr,n — 1)
m=1 k=1

for all test functions W = (wy, up). The equilibrium profile is the solution of R(U; W) = 0 for all W,
i.e. the Euler—Lagrange equations (B.2). Since no Dirichlet boundary conditions are imposed, the
variational formulation implies the natural conditions 3, Ky, ¢,,(0) = >, kmn ¢, (Lx) = 0 for all m.

dz, (B.3)
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Newton’s method is applied to this nonlinear system: given U, the increment U %) is computed
from the linearization Dy R(UK); W) [6U K] = —R(UX); W) for all W, and the iterate is updated by
Uk+D) = gk 4 o sU*) with a line-search factor a¥) € (0, 1] until the tolerance is reached.

C. N-phase Cahn-Hilliard model

We consider the N-phase Cahn—Hilliard system in spatial domain Q c R? (of dimension d = 2, 3),
boundary dQ and unit outward normal n. The state variables are the volume fraction variables
do:Q—> R, a=1,...,N, subject to the initial conditions

¢a(x’ 0) = ¢a,0(x)- (C.1)

The Helmholtz free energy ¥ associated with the system belongs to the constitutive class

Y=Y {da}.{Vda}). (C2)
and the associated chemical potentials are

oY . oY
Ho = 96, - le(’)V¢a' (C.3)

The model consists of NV phase balance equations of Cahn—Hilliard type:
0o +div], =0, a=1,...,N, (C4)

where the diffusive fluxes are taken as

Jo == ) MagVpsp. (C5)
B

with M,z = Mg, a symmetric degenerate mobility matrix.

Next, the absence of void spaces implies that the volume fractions are subject to the saturation
constraint

Z bo = 1. (C.6)

The saturation constraint is enforced through the mobility structure, namely by requiring that 3 , Mg =
23 Map =0, so that 3, Jo = 0. Incorporating the chemical potential as a separate state variable, we
now arrive at a system that contains 2N equations for 2N state variables ({¢o}o=1. N> {Ha}a=1... N):

.....

Oiho +divl, =0, (C.72)

Ua + div 0, (C.7b)

" 9¢q Voo

fora=1,...,N.
Under appropriate boundary conditions, the system conserves the phase volume fractions, preserves
the saturation constraint pointwise, and dissipates the total free energy:

i/¢ad£2:0, a=1,....N, (C.82)
ar Jo
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(Zgba(x,O):l) = (Zgba(x,t):l, >0], (C.8b)

d
& {gah) = -D ({1a}) <0 (C.8¢)

where the energy & and dissipation rate D are given by

& ({6a}) = /Q ¥ ({64} . (Vo)) de, (C.9)
D () = [ D (V4o MapTiap 2> 0. (C.9b)
oYy

D. N-phase Navier-Stokes—Cahn-Hilliard model

We consider the Navier—Stokes—Cahn—Hilliard system for N phases with non-matching densities
introduced in ten Eikelder (2025).
D.1. Governing equations

Let Q c RY, with d = 2, 3, denote the spatial domain. The unknowns are the mass-averaged velocity
v : Q — R4, the volume fractions ¢, : @ — Rfora = 1,..., N, and the Lagrange multiplier pressure
A : Q — R. The governing equations read

31 (pv) +div (pv @ V) + )" ¢sVpug + VA - divr — pb =0, (D.1a)
B
O +div(dav) + p,ldivl, =0, (D.1b)
supplemented with initial data
V(X’ 0) = VO(X)’ ¢(Z(X’ 0) = ¢(¥,0 (X) (Dz)

The constant specific densities of the phases are denoted by p,, and the corresponding partial
mass densities are g, = poPo. The total mixture density is then given by p = }, po- The body
force is taken as b = g = —gj, where g is the gravitational constant, j = Vy is the unit vector in vertical
direction, and y denotes the vertical coordinate. The viscous stress tensor is assumed to be

r= v(2VSV + i(divv)l), (D.3)

where v is the dynamic viscosity, 1 = —=2/d, and VSv = (Vv + (Vv)7)/2 denotes the symmetric part
of the velocity gradient.
The Helmholtz free energy density is assumed to belong to the constitutive class

Y="{da}.{Vda}). (D.4)
and the corresponding chemical potentials are defined by

oY ik
=2 g , D.
K™ 9, le@V% (b

Accordingly, (D.1a) represents the balance of mixture momentum, while (D.1b) gives the phase mass
balances fora =1,...,N.
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Remark D.1 (Mixture velocity). The system is written in terms of the mass-averaged velocity V.
Alternative formulations based on other mixture velocities are possible; for instance, a volume-averaged
formulation is discussed in ten Eikelder (2025).

Since voids are excluded, the volume fractions satisfy the saturation constraint

D=1 (D.6)

Summing the phase balances (D.1b) and invoking (D.6) yields

divv+ " pgdivy, =0. (D.7)

This relation is therefore used as the constraint equation associated with saturation. The diffusive
fluxes are modeled as

Jo=-) MagVep, (D.3)
B

where Mg is the degenerate mobility matrix and g, = p;l (o + Q) is the effective chemical potential.

Introducing the chemical potentials as additional unknowns, the model can be cast as a system of
2N + 2 equations:

O (pv) +div(pv® V) + > ¢sVpug + VA - divr — pb =0, (D.9)
B
Odq +div(dev) + p, div(Js) = 0, (D.9b)
divy+ " pgldivI, =0, (D.9¢)
0w . oV
¥ i =V, D.
e 90, + leGnga 0 (D.94d)

for @ = 1,...,N with 2N + 2 independent variables v, {¢a}4=1. . N4 {Ha)tq=1,. n- In this
formulation, A acts as the Lagrange multiplier associated with the constraint (D.9c).

D.2. Conservation and dissipation properties
The system satisfies several fundamental conservation and dissipation properties. Under suitable

boundary conditions, it conserves each phase mass, each integrated volume fraction, and the total
mass; it also preserves the saturation constraint pointwise and admits a non-increasing total energy:

d d
— | PpdQ=0 — dQ=0 =1,...,N D.10
dt‘/s';pa ] dt‘/s_nga' 9 a £ ’ ] ( a)

d
— dQ=0 D.10b
dt/gﬂ , ( )

(Z $a(x,0) = 1

L6 (8ah) = =D (v {ga)) <0. (D.10d

= (Z po(x,1) =1, t>0], (D.10c)
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Here the total energy and dissipation are given by

E (v, {da}) := /QK(v,{cba}) +G ({#a}) + ¥ ({da} . {Vea}) dQ, (D.11a)
K (. (82D = 30 (8D VP, D.11b)
G ({¢a}) = p ({da}) 8y, (D.11c¢)
D (v, {ga}) = / 2v (st - l(divv)l) : (st - l(divv)I) +v (2 + 3) (divv)?
e Q d d d
+ 3 (Vga) MapVgpdQ > 0. (D.11d)
@B

The energy density in (D.11a) thus consists of the kinetic contribution K, the gravitational contribution
G, and the interfacial free energy density V.

D.3. Equilibrium properties

Equilibrium conditions of the NSCH system are discussed in ten Eikelder and Brunk (2026b) and
yields
v=0, ga =0, Jo=0 for all . (D.12)

The volume fractions are characterized by

min /le({qsﬁ}, {(Vop}h) = D al(Pa—ma) + A $a—1)

peH (@N m

= mi ¥({gp} AV A0 ¢o = 1). D.13
f;’?'l?fw’/g ({¢p}, {Vop}) + (Zalcb ) (D.13)

E. Energy minimizers
Here we provide the proofs of the Theorem and Corollaries from Section 3.2 and Section 3.5.

Theorem E.1 (Equipartition of the energy). Let ¢ be a one-dimensional equilibrium profile connecting
b'® and b'B), with d,¢p — 0 at both endpoints. Then we have the equipartition:

o(9) - To(b' ) = )" L20.0,0:45. (E.1)
Y,0
where
Po(¢) = Po(d) — )¢,y (E2)
Y

whose endpoint values satisfy lT’o(b(o‘)) = ‘i‘o (b#)).

Proof. Since ¢ is a constrained equilibrium profile, it satisfies the Euler—Lagrange equations with
mass multipliers ¢, and a saturation multiplier A:

O,
2 (}) = > Kkys02ps—Cy+A=0,  y=1,...,N. (E.3)
0¢, 8
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Multiplying the equation for phase y by d,¢, and summing over y gives
0%y A
Z Wazqsy - Z K765Z2¢6 5z¢y - Z Cyaz¢y =0, (E.4)
y Y ¥,0 Y
where the term with A drops out due to the saturation constraint. This expression can be written as
~ Ky s
0: |Wo(9) = ) 500y 05| = 0, (ES)
v,0
where we have used the symmetry «, s = ks,. Thus the quantity in brackets is constant:
¥o(¢) ~ D 5-0:0y 9205 = C. (E.6)
y,0

Taking the limits z — —oo and 7 — +o0, and using d,¢ — 0 at both endpoints, gives

C =Py (@) = ¥y(bP)). (E.7)

Corollary E.2 (Equal-depth wells). Assume the setting of Theorem E. 1. If the two endpoint values of
the bulk potential are equal, i.e. $o(b(®)) = Wo(bB)), then the mass multiplier satisfies

¢- (P —p@) =0. (E.8)
Moreover, if
¢ (p(2)-b =0  forallz, (E.9)
then
K
Po(p) — Wo(b'?) = ; %5 By 0.5 (E.10)

If, in addition, the common endpoint value is normalized to zero, then

K75
TO(¢) = Taz¢7 az¢6- (E.11)
Y,0
Proof. By Theorem E. 1,
K
(@) — Yob'™) - (9~ b)) = 3" T26.6, 0.45. (E.12)
v,0

Since Wo(b(®)) = Wo(b)) and ¥y(b,) = Po(bg), we obtain
¢- (P —p @) =0. (E.13)

If, in addition, ¢ - (¢ — b{®)) = 0 along the profile, then the tilted term drops out, giving the stated
identity. The normalized case follows immediately from Wo(b(®)) = 0. O
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Corollary E.3 (Equipartition for unequal well depths). Assume the setting of Theorem E.1. If the two
endpoint values of the bulk potential are unequal, i.e. Wo(b'®) # ¥o(bP)) then

Wo(g) - Fo (b)) — & (¢ - b)) = 3" 2200, 5.4, (E14)
Y,0

where one compatible choice of ¢ is

Po(bB)) — Wy (b(@))

) _pl)
b5 oz 7 ). (E.15)

¢ =
Proof. With the above choice of ¢, the tilted potential

Wo(¢) = Po(ep) —¢- ¢

has equal endpoint values, i.e. @o(bﬁ) = q’o(ba). Applying Theorem E.1 to Yo, substituting the
definition of Wy and the explicit expression for ¢ gives the claimed identity. O

We show that for the mixture-aware free energy, an energy-minimizing interfacial profile cannot
lie exactly on a Gibbs-simplex face.

Theorem E.4 (No face confinement for the mixture-aware free energy). Let N > 3. A profile that is
confined to a Gibbs-simplex face on a nontrivial interfacial region cannot be a local minimizer of the
total mixture-aware energy with Wo = W > 0 and finite coefficients x op and K op.

Proof. Let N = 3. Assume that ¢ is confined to the a—f face on a nontrivial part of the interface.
Since the profile is nontrivial, there is an interval on which ¢, = 0,0 < ¢4, g < 1,¢o + ¢ = 1.
Let n7 be a smooth nonnegative perturbation, not identically zero, supported inside this interval. For
sufficiently small & > 0, define

bo = —-enda, ¢g=0-emdp, ¢y=¢n ¢5=¢s foréo+apy. (E.16)

This perturbation preserves the simplex constraint, since )}, ¢ = 1, and for sufficiently small ¢ it
also preserves nonnegativity. Since 7 is supported inside the interfacial region, the far-field boundary
conditions are unchanged.

We now compare the energies. The entropy contribution involving phases @, 8 and y changes by

W[ (651080 - 6ulog g + 651086 - dglopdp + en)logen)|dz. E17)
Because ¢, > 0 on the support of 5, the first four terms are O (&), while
(en) log(en) = enloge + enlogn. (E.18)
Therefore the entropy change is

We logs/ ndx + O(e). (E.19)
Q

Since n > 0 and not identically zero, and W > 0, we have fQ ndx > 0. Hence the leading term is
strictly negative. By contrast, the interaction term and the quadratic gradient term vary only by O(¢),
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because they are smooth in ¢ and V¢ and the perturbation is of size £. Hence the energy difference is

/T(¢8,V¢8)dx—/‘l’(¢,V¢)dx = Wslogs/ndx+0(s). (E.20)
Q Q Q

For sufficiently small £ > 0, the negative term & log & dominates the O (&) remainder, so the perturbed
profile has strictly lower energy. Thus ¢ is not a local minimizer.

The same argument extends directly to N > 3 by perturbing from any proper Gibbs-simplex face
into one absent phase. |

Next, we show that for Boyer’s energy every energy-minimizing one-dimensional equilibrium
profile connecting e; and e, lies on the binary face {¢3 = 0}.

Theorem E.5 (Face confinement for the Boyer free energy). Let N = 3. For the Boyer free energy
defined in Boyer and Lapuerta (2006), with positive pair coefficients and nonnegative ternary
penalty, every energy-minimizing one-dimensional profile connecting two pure states is confined to
the corresponding Gibbs-simplex face. Moreover, the minimum energy equals the prescribed surface
tension of that pair.

Proof. We give the proof for the connection from e; = (1,0,0) to e; = (0,1,0). Assume X; >
0,2, >0,23 > 0,A > 0. Consider the admissible class

Gi2 = (@ € G: p(—0) = &1, $(+o0) = &3], (E21)

and the one-dimensional Boyer energy

)

where Wy is given by (2.23). We also use the relation yjp = (1 + %5)/2.
We split the remainder of the proof into three steps.
Step 1: Lower bound for arbitrary ternary connections. We first decompose the energy into

36 © ,
Yo(e) + 3 ; Za|¢a|2) dz, (E.22)

phase-wise contributions. Recalling

6
Wo(d1, 42.93) = - (Zi7(1 = 617 + Z203(1 - 427 + 233 (1 - 63)%)
12
+ — AP435,
=Y+ Y13 — Y23, X =y12+ Y23 — Y13 X3 =vyi3+v23— Y12, (E23)

the one-dimensional energy can be written as

AN DA [ 550
¥(9) = ) Jaldal + = | 910203dz. (E.24)

a=1
where

3eX,

624 ,
Joldal = / (—¢%,(1—¢a>2+—8 |¢a|2) dz. (E.25)
R E

Since £, > 0 and A > 0, all terms in this decomposition are nonnegative.
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By the elementary inequality a + b? > 2ab, with

382

6X,
4= qua(l —da)s b= |¢a|

we obtain

Jaltal = 3% /R ba(l = 6a)ldl dz.

Introducing

s 1 1
®(s):= [ t(1—t)dt==5> = =5
() /0 (I=n)dt = 55° = 257,

(E.26)

(E.27)

(E.28)

we have @’(s) = s(1 —s), and hence ¢, (1 — ¢, )0, | = |((I>(¢a))’|. Substitution into (E.27) provides:

Ja [¢a] 2 320 ‘/R|((D(¢a/)),|dz 2 320 |(D(¢a/(+°°)) - q)(¢a(_°°))| .

For a connection from e; to e, we have

p1(=o0) =1, @1(+00) =0
$2(=00) =0, @Pa(+00) =1,
$3(=00) =0, ¢3(+0) =0

Since (1) — ®(0) = £, this yields

> by
Jil#1] = 71 Ja[¢2] = 72 J[#3] =0

Hence every ¢ € Gy satisfies W(¢) > (21 + Z3)/2 = y12. Therefore we conclude:

inf ¥ > .
RS (@) 2712

(E.29)

(E.30a)
(E.30b)
(E.30c)

(E31)

(E.32)

Step 2: The binary face profile has energy y;,. Restrict now to the face class Qface ={peGn:
¢3 = 0}. Any element of gface has the form ¢ = (¢, 1 — ¢,0), with ¢(—c0) = 1 and ¢(+c0) = 0.

Since ¢3 = 0, the A-term vanishes and

Wo(g 1= 9,0) = < (21621 - 9)° + %a(1 - 9)°6)

6 21+ Z 12
_ o 18+ 2)¢2(1_¢)2 12y1,

Moreover,

il 1P+ Zal(1 - @) )? = (21 + Z0)|¢'1* = 2y12l9 |

Therefore the restricted energy is exactly the binary energy

12
¥(p.1- ,0) :=/R( 02021 - g2 4 22 ) g

¢*(1 - ¢)°.

(E.33)

(E.34)

(E.35)

We now show that the minimizing heteroclinic profile in the binary class has energy y;,. First,
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again by a® + b> > 2ab,

3e 712

12
LRG0 9+ 18P 2 6y020(1 - )16, (E36)
hence
1
V(4,1 -6,0) =6y / ¢(1-¢)|¢’ldz 2 6y12 /0 s(1=s)ds| =y (E.37)
R
Thus
inf ¥(¢) 2 y12. (E.38)
d)egface
Now consider the one-dimensional profile
1 2(z -
$2(2) = = (1 ~ tanh (M)) (E.39)
2 &
for zp € R. It satisfies ¢/, = —(4/€)¢(1 — ¢4 ), and hence
3e 12
PR = LRl - 6002 (E40)

Substituting and a direct computation provide:

_ 24’}/12 2 2 _ : _
Y(ds, 1 — ¢4,0) = — Rtp*(l — ¢y)°dz = 6yp2 ; s(1=1s)ds =vy1.

Combining this with (E.38), we conclude that

inf lP((j)) Yi2- (E41)
d)ngdcc
Hence, together with (E.32), this gives
inf ¥ = v12. E.42
U (@) =712 (E42)

Step 3: Absent phase 3. Finally, let ¢* be a minimizer. Since ¥(¢*) = y12, while Step 1 gives

b
hlefl= 5 hlesl= T (E.43)
and all remaining terms are nonnegative, equality can hold only if J3[¢7] = 0. Therefore
623 38 3
—(7)°(1-¢5)* =0 and (631 = (E.44)
Since X3 > 0, this implies
(¢3) =0 and ¢5(1-¢3) =0, (E.45)

and hence ¢3 € {0, 1}. Because ¢} (—o0) = ¢3(+00) = 0, we conclude that ¢3 = 0, which proves the
claim. O
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