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Abstract

In this paper we derive a class of thermodynamically consistent diffuse-interface
mixture models of incompressible multicomponent fluids. The class of mixture models
is fully compatible with the continuum theory of mixtures. The resulting mixture models
may be formulated either in constituent or in mixture quantities. This permits a direct
comparison with the Navier-Stokes Cahn-Hilliard model with non-matching densities,
which reveals the key modeling simplifications of the latter.
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1 Introduction

1.1 Background

The description of diffuse-interface multi-constituent flows in which the interface has a
positive thickness may be traced back to Rayleigh [25] and van der Waals [33]. Based
on these works, the pioneering work of Korteweg [18] and others, diffuse-interface models
governing the motion of multiple constituents (fluids) or phases have been developed [3,
23] and applied in computations [35, 13, 10]. In the scenario of multi-phase flow, the
prototypical model is the Navier-Stokes-Korteweg model. On the other hand, mixture
theory of rational mechanics provides the theoretical framework of the dynamics of multi-
constituent mixtures. The first contributions on simple mixtures are the works of Fick
[12] and Darcy [8]. Since then, the topic has become more mature with the important
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contributions of Truesdell [29, 30] and Truesdell and Toupin [32]. More complete overviews
of rational mixture theory are provided by Green and Naghdi [14], Miiller [21], Miiller and
Ruggeri [22], Bowen [4, 5], Truesdell [31], Morro [20], and others.

The study of incompressible diffuse-interface multi-fluid models seems only weakly con-
nected with continuum mixture theory. Indeed, the study of diffuse-interface multi-fluid
models was initiated in 1970 independent of the continuum theory of mixtures. In that year
Hohenberg and Halperin proposed a model, known as model H, for the coupling of viscous
fluid incompressible flow and spinoidal decomposition [17]. This diffuse-interface model
is now recognized as the first Navier-Stokes Cahn-Hilliard (NSCH) model. As the name
suggests, the model is presented as the coupling between the incompressible (isothermal)
Navier-Stokes equations and (an extension of) the Cahn-Hilliard equation. The capillary
forces are modeled through the introduction of an additional Korteweg-type contribution to
the stress tensor. Model H was initially established via phenomenological arguments, and
a continuum mechanics derivation was presented by Gurtin [16]. This derivation, and the
resulting model are not compatible with the continuum theory of mixtures.

The major assumption in model H is the constant density of the mixture as well as of
the individual constituents (making it not applicable to problems with large density ratios).
This limitation initiated the generalization of model H to NSCH models with non-matching
densities. Noteworthy contributions include the models of Lowengrub and Truskinovsky
[19], Boyer [6], Ding et al. [9], Abels et al. [1], Shen et al. [27], Aki et al. [2] and Shokrpour
Roudbari et al. [28]. These models all aim to describe the same physical phenomena (the
evolution of isothermal incompressible mixtures), yet they are (seemingly) distinct from one
another.

In a recent article we have proposed a unified framework of all existing Navier-Stokes
Cahn-Hilliard models with non-matching densities and non-zero mass fluxes [11]. In this
work we have established one NSCH system of balance laws and have shown that many
alternate forms of the same model are connected via variable transformations. As such, in
this paper we no longer think of a wide variety of NSCH models, but instead of the NSCH
model (variations only occur in constitutive modeling). A particular formulation of the

NSCH model reads:

Oi(pv) +div (pv @ v) + Vp + div (Vqﬁ ® % + (¢ — \TJ)I)
—div (¢(2D + A(divv)I)) — pb = 0, (1a)
Op + div(pv) = 0, (1b)
¢ + div(¢v) — div (MV(zi + wp)) + (M + wp) = 0, (1c)
ov ov

Here p is the mixture density, v the mixture velocity, p the pressure, ¢ an order pa-
rameter and £ a chemical potential quantity. Furthermore, M = M(¢, Vo, i1, Vi, p)
and m = m(¢, [, p) are degenerate mobilities, v the dynamic viscosity of the mixture,



g the gravitational acceleration, p; and py constant specific densities of the constituents,

w = (p2 — p1)/(p1 + p2), and ¢ = (p1 + p2)/(2p1p2). We provide precise definitions in
Section 5.

1.2 Objective and main results

The unified framework presented in ten Eikelder et al. [11] completes the fundamental
exploration of alternate non-matching density NSCH models. However, the NSCH model
is not compatible with mixture theory of rational mechanics. Namely, in the construction
of the NSCH model, the evolution equation of the diffusive flux that results from mixture
theory is replaced by a constitutive model. Therefore, the NSCH model may be classi-
fied as a reduced mizture model. This observation bring us to the main objective of this
article: to derive a thermodynamically-consistent diffuse-interface incompressible mizture
model compatible with continuum mixture theory. We restrict to isothermal constituents.
The thermodynamically-consistent property of the mixture model refers to the compatibil-
ity with the second law of thermodynamics. In particular, we derive the following mixture
model:

Otpa + div(pava) — Yo = 0, (2a)
815(/304"04) + div (pava ® Voc) + 0oV (p+ :uoc)
—div (7y (2Dg + Aadivvy)) — pab

> B~ i)~ B = 0 (20)
B (0%

for « = 1,..., N. Here p, is the partial mass density of constituent «, v, the constituent
velocity, ¢, the constituent volume fraction, and u, a constituent chemical potential. Fur-
thermore, the model contains two distinct pressure quantities, m, is the thermodynamical
pressure of constituent o and p the mechanical pressure of the mixture. Finally, v, is the
constituent dynamical viscosity, D, the constituent symmetric velocity gradient, D,g a
diffusion coefficient associated with constituents o and 3, and 4, and B, mass transfer
(related) terms. We provide precise definitions in Sections 3 and 4.

The distinguishing feature of the model lies in the occurrence of both a mass and a mo-
mentum balance equation per constituent. Reduced models (e.g. NSCH and Navier-Stokes
Allen-Cahn) typically contain a phase equation per constituent but a single momentum
equation for the mixture. This decrease in complexity comes at the cost of violating mix-
ture theory of rational mechanics. Another interesting aspect is that the model has no
Cahn-Hilliard type equation. Furthermore we note the presence of the multiple pressure
quantities. The single mechanical pressure variable p acts as a Lagrange multiplier of the
mixture incompressibility constraint. On the other hand, the thermodynamical pressure 7,
is solely associated with constituent «. The last line in the constituent momentum equa-
tions models the momentum transfer between the constituents. As such, we observe that
constituent momentum interaction is absent in the Stefan-Maxwell equilibrium balance.



Another important feature of the model is that the equilibrium profile coincides with that
of the NSCH model (for the standard Ginzburg-Landau free energy).

1.3 Plan of the paper

The remainder of the paper is structured as follows. In Section 2 we present the general
continuum theory of incompressible fluid mixtures. Here we present identities that relate
constituent and mixture quantities. We exclude thermal effects. Next, in Section 3 we
perform constitutive modeling via the Coleman-Noll procedure. Then, in Section 4 we
present particular diffuse-interface models. We compare the resulting models with the
NSCH model in Section 5. Finally, in Section 6 we conclude and outline avenues for future
research.

2 Continuum theory of mixtures

The purpose of this section is to lay down the continuum theory of mixtures composed of in-
compressible isothermal constituents. The theory is based on three metaphysical principles
proposed in the groundbreaking works of Truesdell and Toupin [32]:

1. All properties of the mixture must be mathematical consequences of properties of the
constituents.

2. So as to describe the motion of a constituent, we may in imagination isolate it from the
rest of the mixture, provided we allow properly for the actions of the other constituents
upon 1t.

3. The motion of the mixture is governed by the same equations as is a single body.

The first principle states that the mixture is composed of its constituent parts. The second
principle asserts the physics model to be band together via interaction flux, forces or ener-
gies. Finally, the third principle ensures that the motion of a mixture is indistinguishable
from that of a single fluid.

In Section 2.1 we introduce the fundamentals of the continuum theory of mixtures and
the necessary kinematics. Then, in Section 2.2 we provide balance laws of individual con-
stituents and associated mixtures.

2.1 Preliminaries and kinematics

The core idea of the continuum theory of mixtures is that the material body 4 is composed
of N constituent bodies %A,, with a = 1,..., N. The bodies %, are allowed to occupy,
simultaneously, a common region in space. Denote with X, the spatial position of a particle
of A, in the Lagrangian (reference) configuration. The spatial position of a particle is given
by the (invertible) deformation map

X 1= Xo(Xas ). (3)



Consider from now on positions x that are taken by one particle from each of the N
constituent bodies %,. Around this spatial position x we consider an arbitrary mixture
control volume V' C Q with measure |V|. Furthermore, we introduce volume V, C V,
with measure |V, |, as the control volume of constituent «. The constituents masses denote
M, = M,(V) and the total mass in V is M = M(V) = > M,(V). The constituent partial
mass density p, and specific mass density p, > 0 are respectively defined as

_ - M, (V)

pa(x,t) T ‘V1|—>0 |V| ) (4&)
L My(V)

pa(x,t) = . AR (4b)

The quantities represent the mass of the associated constituent « per unit volume of the
mixture V, and constituent volume V,,, respectively. In this paper we work with incom-
pressible isothermal constituents of which the specific mass densities p, are constants. The
density of the mixture is the sum of the partial mass densities of the constituents:

1) = 3 . ) o)
o
The volume fraction of constituent « is defined as:

oy Vel
Ga(x,t) := “llgo v (6)

We preclude the existence of void spaces by assuming:
D ba=1. (7)
o
The above definitions (4), (5) and (6) imply the relation:
Pa(X,t) = pada(x,t). (8)
The constituent velocity is given by
Va(%,1) = Oxa(Xa, t)|x, = Xa(x,1), 9)

where 1 is the time derivative of any differentiable function 1 (of position and time) where
the position X, is fixed. Next, we denote the momentum of constituent « as:

my(X,t) = pa(x,t)va(x,t). (10)

By taking the sum of the momenta of the constituent we get the momentum of the mixture:

m(x,t) == ¥ ma(x,t). (11)



From the momentum of the mixture, we identify the mizture velocity v (also called mass-
averaged velocity or barycentric velocity):

m(x,t) = p(x,t)v(x,t). (12)

Another important velocity is the peculiar velocity (also known as diffusion velocity) of
constituent a:

wa (X, 1) = va(x,t) — v(x,1), (13)

which describes the constituent velocity relative to the gross motion of the mixture. The
peculiar velocity satisfies the property:

> Jo=> pi'ha =0, (14)

where the so-called diffusive fluzes are defined as:

h, = oW, (15a)
Jo = PaWa. (15b)

Alongside the time derivative 11) of the differentiable function 1\ of x and ¢, we introduce a
time derivative of 1\ that follows the mean motion. In the Eulerian frame these material
derivatives are given by:

P = 0b + v - VA, (16a)
P = o +v - V. (16b)

2.2 Balance laws

According to the second metaphysical principle of the continuum theory of mixtures, the
motion of each of the constituents is governed by an individual set of balance laws. These
laws are contain interaction terms that model the interplay of the different constituents.
Following e.g. [31], each of the constituent o = 1,..., N must satisfy in the following set of
local balance laws for all x € Q and ¢ € (0,7):

Opa + div(pavae) = Ya, (17a)
Oymy, + div (m,, ® v) — divT, — pabs = 74, (17b)
T, - T = N,, (17¢)
2 (ﬁa (Ea + ||Va||2/2)) + div (ﬁa (Ea + HVaH2/2) Va)
—div (vaTqa) — paba : Vo + divge — para = €aq- (17d)

The equation (17a) represents the local constituent mass balance law, where the interaction
term -y, is the mass supply of constituent o due to chemical reactions with the other



constituents. Next, (17b) is the local constituent linear momentum balance law. Here T,
is the Cauchy stress tensor of constituent «, b, the constituent external body force, and
T« is the momentum exchange rate of constituent o with the other constituents. In the
remainder of the article we assume equal body forces (b, = b for « = 1,..., N). Moreover,
we restrict to body forces of gravitational type: b = —by = —bVy, with y the vertical
coordinate, j the vertical unit vector and b a constant. Next, (17¢) is the local constituent
angular momentum balance with N, the intrinsic moment of momentum. Finally, equation
(17d) is the local constituent energy balance. Here ¢, is the specific internal energy of
constituent «, ||[vy| = v/Va - Vo) is the Euclidean norm of the velocity vy, qq is the heat
flux, r, is the external heat supply, and e, represents the energy exchange with the other
constituents.
We denote the kinetic and gravitational energies of constituent respectively as:

Ko = Palvall’/2, (18a)
Yo = Paby. (18b)

On the account of the mass balance (17a) and the linear momentum balance (17b), we
deduce the evolution of the constituent kinetic energy:

. . - 1
O Ko + div (Hogvy) — Vo - divTy — paba - Vo = o - Vg — gHvaHzfya. (19)

Next, the evolution of the gravitational energy follows from the constituent mass equation

(17a):
Y + div (9,va) + pava - b — by = 0. (20)

Taking the difference of (17d) and (19) we obtain the evolution of the constituent internal
energy:

O (Pacta) + div (pa€ava) — To : Vv + divay — para =

1
— Ty Vo + §Hva\|2%{—|—ea. (21)

The convective forms of the constituent evolution equations read:

PaVa + Padivve = 7a, (223)
paVa — divTy — paba = Pas (22b)
pata — To : Vv +divqe — paTa = €a, (22¢)
where the interaction terms are:
Pa = Ta — YaVa; (23&)
€a = €a— T Vo — Yal€a — HVO(HZ/Z). (23b)



By invoking the constant specific densities p,, we obtain the evolution equation of the
volume fraction:

Do + div(Pava) = 12, (24)

«

Next, we turn to the continuum balance laws of the mixtures. Summing the balance
laws (17) over the constituents gives:

Op + div(pv) = 0, (25a)
Oom+divim® v) —divT — pb = 0, (25b)
T-T7 = 0, (25¢)
O (,0 (e + Hv||2/2)) + div (,0 (e + Hv||2/2) v)
—div (Tv) — pb-v +divq — pr = 0. (25d)

where

1 - 1
€:= ;Za:pa <ea + §Hwa\|2> , (26a)

T := Z Ty — PaWa ® Wq, (26D)
(0%

1 -

b:= - Z paban (26C)
p «

_ 1

q = Za:qa — Towqy + Pa <Ea + §||Wa||2> ’ (26d)
1 -

ri= - Z PaTa, (26e)
p (0%

and where we have postulated the following balance conditions to hold:

> e =0, (27a)

a

> ma =0, (27b)

> N, =0, (27¢)
> ea=0. (27d)

In establishing the mixture laws (25) use has been made of the identities (14) and

21 21 -
S gl = 3 (gl velra —puwa(wa - v)). (28)

«



In agreement with the first metaphysical principle of mixture theory, the kinetic, gravi-
tational and internal energy of the mixture are the superposition of the constituent energies:

H = Ha, (29a)

G = Y, (29b)

S = pata (29¢)

The kinetic energy of the mixture can be decomposed as:
~ 1
H = Jif+za:§ﬁa||wa\|2, (30a)
_ 1 )
7 = SollvI?, (30b)

where 7 is a kinetic energy of the mixture variables, and where the second term represents
the kinetic energy of the constituents relative to the gross motion of the mixture. As a
consequence, (17d) represents the evolution of the internal and kinetic energy of the mixture

0& + div (&v) — div (vT) — pb - v + divq — pr = 0, (31)

with & = # + ¢ + ., given the standing assumption of equal body forces. Finally, we
remark that the system of mixture balance laws (25) may be augmented with evolution
equations of the order parameters (mass and energy) and diffusive fluxes [11] to arrive at a
system equivalent with (17).

3 Constitutive modeling

In this section we perform the constitutive modeling. We choose to employ the well-known
Coleman-Noll procedure [7] to construct constitutive models that satisfy the second law
of thermodynamics. First, in Section 3.1 we introduce the second law of thermodynamics
in the context of rational mechanics. Next, in Section 3.2 we establish the constitutive
modeling restriction yielding from the second law. Then, in Section 3.3 we select specific
constitutive models compatible with the modeling restriction.

3.1 Second law in mixture theory

In agreement with the second metaphysical principle, the entropy of each of the constituents
a is governed by the balance law:

O (Pana) + div (Ppanava) + div (®o) — pasa = Pas (32)



where the constituent quantities are the specific entropy density 7,, the entropy flux ®,
the specific entropy supply s, and the entropy production &2,. The second law of thermo-
dynamics dictates positive entropy production of the entire mixture:

S 220 (33

The second law (33) is compatible with the first metaphysical principle of mixture theory.
In the following we derive the modeling restriction that results from the second law (33).
To this purpose, we introduce the Helmholtz mass-measure free energy of constituent :

VYo 1= €q — ONq, (34)

where 6 is the temperature. We restrict to isothermal mixtures and thus all constituents
have the same constant temperature § = 6,, a = 1,...,N. We now substitute (32) and
(34) into (33) and arrive at:

> " 0(fa (€a — o)) + div (fa (€a — Ya) Va) + div (08a) — fasal > 0. (35)

We insert the balance of energy (21) into (35) to arrive at:

Z _825 (laa¢a) —div (ﬁawava) + Ty : Ve + div (9‘1)04 - QQ)

+Pa (Ta — 054) — Ta 'Voz"")’aHVaH2/2 >0, (36)

where the energy interaction term cancels because of (27d). In the final step we invoke the
mass balance equation (17a) to find:

Z ﬁoﬂ/\}a — Ty : Vv +div (Qa - 0(1)04)

+,5a (950,—7“0{) + T - Vo _7a||va||2/2+’7a¢a <0. (37)

This form of the second law provides the basis for the constitutive modeling.
Lastly, we remark that the second law may be written in an energy-dissipative form
(given rq = 0s4).

Proposition 3.1 (Energy-dissipation). The second law may be written as the energy-
dissipation statement:

> (016 + div (64va) — div (TaVa — o + 08,)) <0, (38)

a

with &, = Ko + Y + paca, and where we have set ro = 05,

Proof. Using the constituent mass equation (17a), the second law (37) may be written as:

> 10i(Patta) + div(pataVa) — Ta : VVa + div (g — 6084)

(6%
+7o - Vo — €q —%{HVQH2/2} <0. (39)
Adding (19) and (20) to the condition (39) provides the result. O

10



3.2 Constitutive modeling restriction

We specify the modeling restriction (37) to a particular set of constitutive constituent classes
for the stress T, free energy v, entropy flux ®,, momentum supply 7., and mass supply
Yo- We introduce the constitutive free energy class:

Yo = Valda, Vo, Da), (40)

and postpone the specification of the other constitutive classes. Here D, is the symmetric
velocity gradient of constituent a.

In the following we examine the constitutive modeling restriction (37) for this specific set
of constitutive classes. Substitution of the constitutive classes (40) into (37) and expanding
the peculiar derivative of the free energy provides:

My 5 aqﬁa o N .
E . D - T, :
poz <a¢a av¢a V(ba + 8Da woz oz) a vva

+div (qa - 9§)a> + Pa (esa - Ta)
+7q - Va _'YaHVozHQ/Q"i_’YaT/}a <0. (41)

The arbitrariness of the peculiar time derivative D, precludes dependence of v, on D,.
Thus, the free energy class reduces to:

1&04 = 1[’04((?(17 V(ba)a (42)

and the last member in the first brackets is eliminated.
Next we focus on the first term in the sum in (41) and introduce the constituent quantity:

%% —div (% Ot ) . (43)

O OV q

Lemma 3.2 (Identity peculiar derivative free energy). We have the identity:

~ 81&04 i 81&04 =7 _ ~ . 31[104 X
Pa <8¢a Do + 8V¢a : V¢a> = — Pa (Xadlvva + <V¢a ® 8V¢a> : vva)
—div (ﬁaaav% (¢adivva)>

+ YaXa + div ('Yagba O ) . (44)

OV a

Proof. Noting the identity
Voo =V (da) = (Voa) Tva, (45)

11



we can deduce:

~ aq&a > _ 1 ~ alz)a Y Soqs ~ 672)04
Pa OV b -V = div (pa O b (ba) — Qadiv (pa OV%)
0o
OV ¢q

- ﬁaV(boz ® Vva-

By substituting the mass balance equation (17a) into (46) we deduce:

- 81&04—‘ a1 ~ 81&04 . -1
Pa 8V¢a v¢a - div (pa 8V¢a (¢ad1VVa Pa WCV)>
. Sy gio (5 9%
+ (¢ad1vva - Pal%z) div <Pa 8V¢a>
_ Do\ .
_ (pquba@ 8V¢a> : Vvg.

As a result the first term in (41) may be written as:

. (awa 5y 4 O %a> _

I Vo

0o (, -
= Pa <Tqi}a ((badlvva - palf}/oz)>

o o -
—div <Po¢% ((badlvva - palf}/oz)>

+ (ﬁadivva - 7@) div <¢a%> - (ﬁOJV(ba & Oa ) : Vv,

OV dq OV

Substituting (43) into (48) completes the proof.

Substitution of Theorem 3.2 into the second law (41) provides:

~ aqﬁa T .
Z — <7TaI + pav¢a o2y 6V¢a + Ta) . vva

i
OV q
+Pa (6304 - 7noz) + (7704 - 'Yonoz/Q) “ Vo + Ya (% + Xa) <0,

+div <qa - Hi’a Pa (Padivve — 7@))

where we have introduced 7, ‘= paXa-

12
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(48)

(49)



At this point we remark that (49) is degenerate because of the dependency of the various
members in the superposition. Namely, the first two terms in the integral contain Vv, and
v, are connected via the mass balance (17a). To exploit the degeneracy, we introduce a
scalar Lagrange multiplier p > 0 representing the mizture mechanical pressure. Summation
of (17a) over the constituents provides:

0= pz (\boz + ¢adivva - p;17a
ey

= pz Vo - v¢o¢ + ¢adivva - p;17a7 (50)

where we recall the postulate of no excess volume (7). Employing the relation (50) into
(49) provides the requirement:

Otba
OVda

> - <<wa + pda)l+ paVa ® + Ta> Vv,

«

. L . _
+div | qo — 0P, — Ya Do (Padivvy — 7o) | + pa (06 — 74)
OV ¢q
+ (7704 - 'Yava/Q - pV(ba) “ Vo + Yo <1ﬁo¢ + Xa T+ Pglp) <0. (51)
The term p, := 7, + po, represents a generalized form of the constituent pressure in

the incompressible mixture. It consists of the constituent mechanical pressure p¢, and the
constituent thermodynamical pressure m,. The latter may be written in a form closely
related to the classical thermodynamical pressure:

To = Palas (52a)
Mo 1 . [ Oa
= W~ . P
Vg %0 7u div <paa ﬁa) (52b)

Thus 7, represents the thermodynamical pressure for the free energy constituent class (42),
where v, is a generalized derivative of the free energy.

We now introduce the volumetric Helmholtz free energy U, := ﬁal/;a. Given the con-
stituent class of (equation (42)), we identify the volumetric Helmholtz free energy class:

\iloz = \ila(¢0m v¢o¢) - ﬁoﬂﬁa((bou V(ba) = Poz(boﬂﬁoz((bom V(ba)- (53)

The constituent thermodynamical pressure m, may be written in terms of the volume-
measure free energy V,:

Ta = Patla — Ya (54a)
T, v,
=27 g 4
Loy 99, div <8V¢a> , (54b)

13



where [, is the chemical potential variable associated with the volume-measure free energy
U,. The volume-measure based chemical potential p, may be expressed in terms of the
mass-measure based chemical potential 7, via:

_ 7 . 31[104

Ha = Pa (‘%ﬂ’a + Yo — Voq 3V¢a> ) (55a)
e O

Ta = 8¢a 1v <8V¢a> . (55b)

Remark 3.3 (Dalton’s law). The mechanical pressure obeys Dalton’s law. Namely, the
constituent mechanical pressure po, is the product of the mixture mechanical pressure p
and the constituent volume fraction ¢o. Additionally, according to the axiom (7), the sum
of the constituent mechanical pressures is the mizture mechanical pressure p.

Remark 3.4 (Incompressibility constraint). The introduction of the mizture mechanical
pressure is connected with an incompressibility constraint in absense of mass fluzes (i.e.
Yo = 0). Namely, by introducing the mean velocity

u:= Z DaVa, (56)

«

(50) takes the form:

pdivu = pz div(pava) = vaa Vo + padivv, = 0, (57)

provided v, = 0. The mean velocity u is known as the volume averaged velocity which is
an incompressible field in absense of mass flures. The observation has been employed in
the formulation of reduced (approximate) quasi-incompressible Navier-Stokes Cahn-Hilliard
models [6, 9, 1, 11] with an incompressible velocity field.

Based on the condition (51), we restrict to the following constitutive constituent classes
for the stress T,, entropy flux ®,, entropy supply s, mass supply 7., and momentum

supply mq:

P, = (i)a (Qbaa Voo, divvy, qq, 704) s (58a)
§a = §a (Ta) ) (58b)
Ta = Ta(gbom Voo, Do, 7o, p)a (58C)
'A)/oz = Ya | Pa» Vou, D, {¢5}6:17...7N ) {M6}5:17---7N> ) (58d)
Mo = Mo (¢aa Voa, {Vﬁ}5:17...7]\/ ) {76}5:1,___,N> ) (586)

where in (58d) and (58¢) the dependence on the sets over all constituents is a consequence
of the axioms (27a) and (27b).

14



3.3 Selection of constitutive models

We are now in the position to pose thermodynamically consistent relations for the consti-
tutive classes (58).

Entropy flur. By demanding the divergence term to equate zero, we identify the entropy
flux of constituent « as:

1 0a
0 OV ¢

A

q ~ 1. N
a 704 ba (padlvva - 'Ya) . (59)
The first member in the entropy flux is the constituent version of the classical term that
appears in single constituent models. On the other hand, the second member in the entropy
flux is the incompressible counterpart augmented with mass transfer, of the so-called extra

entropy fluz.

Entropy supply. By requiring the last member in (51) to disappear, we identify the con-
stituent entropy supply density as:

Ta
R

Sa (60)
Stress tensor. To preclude that variations of the velocity gradient Vv, cause a violation of
the second law (51) we insist:

o
OV o

- <(,5aXa + p¢a)I + ﬁav¢a b2y + Ta) : Vv, <0. (61)

We select the following constitutive model for the stress tensor that is compatible with (61):

T, = g (2Dg + Ao (divvy)I) — (1o 4+ pda)I — pa Voo ® aavw(; )

(62)

where 7, = v40, > 0 is a dynamic viscosity, and A\, > —2/d.

Lemma 3.5 (Compatibility stress tensor). The choice (62) is compatible with the thermo-
dynamical restriction (61).

Proof. This is a standard result. In this particular case (61) takes the form:
_ 1 . 1 .. N 2 ) 9
—20, | D — E(leVa)I (D - E(leVa)I — Vg | Ao+ p (divvy)® <0.  (63)

O
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Remark 3.6 (General form stress tensor). The requirement (61) implies the general form:

. e

Ta — 2KaDa - (7Ta + p¢a)I - ﬁav¢a ® m, (64)
where Ko = Ko (o, Voo, Do) is a quantity that satisfies:
DIK,D, > 0. (65)

This implication follows from a result concerning thermodynamical inequalities proved by
Gurtin [15].

Mass transfer. To rule out violations (51) caused by the latter term on the left-hand side,
we impose the following requirement on the mass interaction terms:

Z’A)/oz (wa + Xa + P;lp) <0. (66)

The requirement distinguishes from the compressible situation by the occurrence of the
hydrodynamic pressure p, see e.g. Morro [20]. We take the following model for the mass
transfer:

Yo = —1a (Yo = ¥N) + (Xa — xn) + (pa" = pN")P) ©
fora=1,...,N —1, (67a)

;YN = - Z 'A)/om (67b)

a=1,..,N—1
for some non-negative constituent quantity 1, > 0 that vanishes when ¢, = 0, 1.

Lemma 3.7 (Compatibility mass transfer). The choice (67) is compatible with the balance
of mass supply (27b), and the thermodynamical restriction (66).

Proof. Invoking the identity (27b) written as (67b), the condition (66) is equivalent to:

> Ao ((Wa —¥n) + (Xa — Xn) + (o' — py')p) < 0. (68)
a=1,..,.N—1

The choice (67) causes each of the terms in the sum in (68) to be non-positive. Compatibility
with (27b) follows from (67b). O

On the account of the identity:

Pa (1/104 + on) = Ha (69)
the mass flux may be expressed in terms of the chemical potential pq:
1 1

’A)’a = _ma <_ (Ma +p)

——(MN-i-p)), fora=1,...,N —1. (70)
Pa PN
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Furthermore, the mass flux may be written as:
Yo = — Ma(go — gN), fora=1,...,N —1. (71)

where g, represents the Gibbs free energy of constituent «:

ga:wa‘{'p_a T;Z)a‘FXa‘Fﬁa (72)

Pa B Pa
and where we recall the total constituent pressure p, = o + Pap-

Momentum transfer. To avoid a violation of (51) resulting from momentum transfer, we
demand:

Z Va - (7704 - 'A)’avoz/z - pv¢o¢) <0. (73)

We select the mass transfer model:

To =pVéa+ Y _ Rap(Ws — Wa) + Ba, (74)
B
where
1,
Ba:§7a(wa+WN+2V), fora=1,...,N —1, (75a)
Bv=— Y  Ba (75b)
a=1,..,N—1
Furthermore, R,g is a symmetric non-negative matrix of the form:
Rog = 22098+ (76)
Dz

with Dyg > 0 a symmetric diffusion coefficient.

Lemma 3.8 (Compatibility momentum transfer). The momentum transfer model (74) is

compatible with the balance of momentum supply (27b), and the thermodynamical restriction
(73).

Proof. Compatibility with (27b) is a consequence of (74), the symmetry of R,g, and the

definition (75). Next, recalling the axiom of constant volume (7), the axioms of balance of
mixture mass and momentum (27a)-(27b), the condition (73) is equivalent to:

Zwa . (’n‘a — pVda — Ya <%wa + v)) <0. (77)
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Substitution of (74) into (77) provides the requirement:
R 1
ZRagwa (wg —wq) + Zwa . (Ba — Yo <§wa + V>> <0. (78)
a7ﬁ o
The first term is non-positive as a consequence of the identity:

1
> Rap(ws — Wa) - W = _izRaﬁHwa — wl%. (79)
a7ﬁ a7ﬁ

Taking the second term in isolation, splitting the summation provides:
(1
Zwa' Ba — Yo §Wa+v =
[e%
(1
Z Wq ﬂa_%:v §Wa+v

a=1,.N—1

w8y =i (5w +v)). (50)

We substitute the identities (67b) and (75b) arrive at:

S (1 fre)

1, .
> o)+ (B g (o + 9~ v ) (81)
a=1,...,.N—1
Inserting the definition (75a) causes the term to vanish. O

Remark 3.9 (Stefan-Maxwell model). The second member in (74) represents an isothermal
Stefan-Mazwell model [34]. The term ppopg is proportional to the frequency of collisions
between « and B. This makes intuitive sense in the way that the force that is exerted
by constituent B on constituent o scales with the frequency of collisions between the two
constituents. Provided mass transfer is absent (3o, = 0), the momentum transfer vanishes
if and only if:

Voo + Y %—(b;(vﬁ —vq) =0. (82)
ﬁ «

The equations (82) represent the well-known Stefan-Mazwell equations that describe an
equilibrium situation. The left-hand side of (82) represents the diffusion driving force for
constituent «, whereas the right-hand side of (82) is the drag force on constituent « that
resists the diffusion. As such D,g can be interpreted as an inverse drag coefficient, and is
referred to as Stefan-Maxwell diffusivity.
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This concludes the Coleman-Noll procedure. We have now obtained the incompressible
multi-constituent model that is consistent with the second law of mixture-theory:

Otpo + div(pava) — Yo = 0, (83a)
815([304"@) + div (ﬁava ® Voz) + 0o Vp
—div (74 (2Dg + Aadivvy,))

- e _
+Vry + div (paV(ba ® 8V¢a> — pab

-3 B vy —vi) =B, = . (s30)
ﬁ Q

for « = 1,..., N where 4, and 8, are given in (67) and (75), respectively.
We now discuss some properties of the model. First we explicitly state the compatibility
with the second law.

Theorem 3.10 (Compatibility second law). The model (83) is compatible with the second
law of thermodynamics (33).

Proof. This follows from the form of the second law (51) and Theorem 3.5, Theorem 3.7,
and Theorem 3.8. In particular, inserting (59), (60), (62), (67) and (74) into (51) reveals
that the second law is satisfied with

eza: Py = Za:% <D — %(divva)1> : (D - %(divva)1>

- 2 . 2 1 2
+ gua ()\a + E) (divvy)” + 3 ZB Ros|lwao — wgl|

+ Y a(ga—gn)? 0. (84)
a=1,..,N—1

O

We now note the reduction to the standard Navier-Stokes equations in the single fluid
regime.

Proposition 3.11 (Reduction to Navier-Stokes). The multi-constituent system (83) re-
duces to the standard incompressible Navier-Stokes equations in the single-constituent regime

(¢a = 1):

Ot(pava) + div (pavae ® vo) + Vp
—div (Vg (2Dg + Aadivvy)) — pab = 0, (85a)
divve = 0, (85b)

with pe = p,ve = v, and D, =D := (Vv + (Vv)T)/2.
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We finalize this section with a more compact form of the mixture model.

Lemma 3.12 (Compact form free energy contributions). The free energy contributions in
the momentum equation may be expressed in the compact form:

e,
G Ve = Vg + div <,5av¢a ® 6V¢¢a> . (86)

Proof. Substituting (54) and subsequently expanding the derivatives yields:

V1, + div (ﬁquSa ® aavw(;:) =

V (Gatta — Ba) + div <v¢a ® ;v‘i’g ) _

oW v .
[e% « a—a - ad. = - \I’a
PaVita + Vo 90n Vo 1V<8V¢> \v%

o o
Vo di = Ho, .
X OV, OV,
av o V\Ija V [ H [o ) 87
6V +Vou % + (Hon) 50 (57)
where H¢,, is the hessian of ¢,. As a consequence of the volumetric Helmholtz free energy
class (53), the latter three terms in the final expression in (87) vanish. O

On the account of Theorem 3.12, the multi-constituent model (83) takes the more com-
pact form:

Otpa + div(pava) — Yo = 0, (88a)
815(/304"04) + div (pava @ Voc) + 0oV (p+ :uoc)
—div (7 (2Dg + Aadivvy)) — pab

> By v =B, = 0, (s5b)
B (e}

fora=1,...,N.

4 Diffuse-interface models

In this section we present diffuse-interface models. First, in Section 4.1 we introduce the
Ginzburg-Landau free energy. Next, in Section 4.2 we provide the dimensionless form of
the model. Finally, in Section 4.3 we discuss the equilibrium profile of the mixture model.
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4.1 Ginzburg-Landau free energy

Important classes of fluid mixture models arise when selecting the constituent Helmholtz free
energy to be of Ginzburg-Landau type. We consider two different options: (I) a Ginzburg-
Landau type volume-measure-based free energy, and (II) a Ginzburg-Landau type volume-
measure-based free energy.

Model I. The Helmholtz volume-measure free energy is given by:

~ UO(
Wi, = —2W(9a) + Gacal Vool (892)

a

W (¢a) = 202(1 — ¢a)?, (89D)

where W = W (¢, ) represents a double-well potential, ¢, are interface thickness variables,
and o, are quantities related to the surface energy density. We assume that ¢, and o, are
constants. The chemical potential takes the form:

1 = Z2W (h0) — 200caAda, (90)

« ga

Furthermore, the mass flux takes the form:

Ao = — Ma (ﬂw/(%) — W ()

Paa PNEN

o 11
9% Aby + 2N en Aoy + (— _ —> p> , (91)
o PN Pa PN

fora=1,...,N —1and (67b) for « = N.

Model 1I. The Helmholtz mass-measure free energy reads:

O8 = 272 W (9a) + 26aza [ Voal > (92)

e}
e}

where W = W(¢,) is given in (89b). Also in this second model, the interface thickness
variables e, and surface energy density quantities k. are assumed constant. The associated
chemical potential takes the form:

= 25 (6 ) — dkacaAda, (93)

The corresponding mass flux reads:
~ ~ K:a/ K
W(IXI = —Mq <2¢a_W/(¢a) - 2¢N_NW,(¢N)
Ea EN
_4ﬁa5a¢aA¢a + 4/<'3N5N¢NA¢N
Ke K
2= (¢a) — 2= W ()
15} EN

«
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1
—2na€aHV¢aH2 + 2/£N€NHV¢NH2 -+ (— — —) p) , (94)
p PN

a

fora =1,...,N —1and (67b) for o = N.
Invoking relation (55), the corresponding volumetric free energy and associated chemical
potential take the form:

Wl = 222" K (90) + 2pakatadal Vol (952)
K(¢a) = 2¢5(1 — ¢a)?, (95b)
Mg - ¢apa7(£1 + Pa <2§_QW(¢04) - 25a5a“v¢a|’2> . (95C)

We visualize the potentials W = W(¢,) and K = K(¢,) in Figure 1. The potential
W = W(¢,) admits the well-known symmetrical double-well shape, whereas K = K (¢,,) is
a non-symmetric double-well.

0.1

— W (dn)

0.08 +

0.06 -

0.04

0.02 -

-0.02 +

Pa
Figure 1: The potentials W = W (¢,) and K = K (¢,).

4.2 Dimensionless form

We perform non-dimensionalization based on the dimensionless variables:

\% % L
eom X v e e T e
0 0 0 Vo Ga
% ,uaLo % Da[g ~ % [0 7N
= Halo i Dap e Ga 96
IU’CV g, af LO‘/O « pr?x @ ( )

where Lo, Vy, Ty and v, denote a characteristic length, time, velocity, density, and con-
stituent dynamic viscosity, respectively, and a, = 0, and a, = pake for models I and II
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respectively. The re-scaled system takes the form:

Op o + div(dava) — 96 = 0, (97a)
Op+ (P V) + div* (pa vy, @ Vi)
1
_]R—eadiv* (73 (2D, 4+ A\odiv*vy))

1 o
Weu ¢ V* (ph + 1) + W%‘J

We, ™ @ 5 Dis

_l’_

(Vs =va) +8a= 0, (97b)

for « = 1,..., N. Here V*, A* and div*" denote the dimensionless spatial derivatives. The
dimensionless variables are the constituent Reynolds number (Re,), the Froude number
(Fr), the constituent Cahn number (Cn,) and the constituent Weber number (We,,):

L
Re, = M, (98a)
VO{
Vo
Fr= —, 98b
r= AE (98b)
€
Cn, = L_(Z’ (98¢)
V2L
We, = Pa¥o L0 (98d)
Ao
The dimensionless mass transfer terms read:
2% Ak * * We * *
eN
and where
1
BZ:§ﬁ;(Vz+V}k\,), fora=1,...,N —1. (100)
The free energies take the form:
. . 1 Cn
\I’L* — IT % — 7W o V 2 101
= 0L = e W 0) + eV al (1012)
. 2 2Cn
Pl = K =00l Vdal? 101b
1 = e K (60) + 20l Vanll (101b)
and the chemical potentials are:
1
plr — <C—W/(gba) - 2CnaA*¢a> = 0, (102a)
Ny
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I _ i / _ *
Wl — 2, (Cnawwa) 2Cna A",

1 * 2 _
2 (W (60) — CoallV*60l?) = . (102b)

We suppress the star symbols in the remainder of this paper.

4.3 Equilibrium profile

The static equilibrium profile of the model (97) is characterized by zero entropy production:
> Po=0. (103)
(6%

From the equivalent form (84) we find:

1 1

U <D - E(divva)1> : <D - E(divva)1> =0, (104a)
2

T (Aa + E) (divvy)? = 0, (104b)

Ragllwa — wg|* = 0, (104c)

e (9o — gn)? = 0, (104d)

for « = 1,..., N in (104a)-(104b), for o, = 1,...,N in (104c), and a = 1,...,N — 1 in
(104d). Consider now the non-trivial case 0 < ¢, < 1 and v, > 0. Since 7, > 0 we obtain
from (104a)-(104a) that v, = const for all a = 1,... N. Next, since R,3 > 0 we get from
(104c) that v, = v = const for all « = 1,... N. From (104d) we obtain g; = ...,= gy and
Yo = 0 for all @« = 1,...,N. As a consequence, from the mass balance equation (97a) we
get ¢ = 0. The viscous term and the last term in the momentum balance (97b) vanish
due to v, = const. Finally, the inertia terms in momentum balance (97b) vanish since:

O (dava) + div (Pava ® Vvy) = vagEa = 0. (105)

The static equilibrium solution is now identified by the following relations:

We
fo +Pa — —— (un +py) =0, fora=1,...,N -1, (106a)
WeN
W
ooV (pa + lbo + F—?y) =0, fora=1,...,N. (106b)
T

Remark 4.1 (Constituent body force). The equilibrium relations (106) are compatible due
to the standing assumption of equal body forces (by, =b fora=1,...,N).

In scenario of a pure fluid (¢, = 1), the thermodynamical pressure p, vanishes and we
obtain po, = Poo,a — yWeq /Fr?, where Poo,a is @ constant equilibrium pressure. Consider

24



now the non-trivial case (0 < ¢, < 1) in absence of gravitational forces (Fr=2 = 0). The
condition (106a) implies that the quantity:

1
Weq,

(o + pa) = C, (107)

where C' is a constant independent of the constituent number. A solution is obtained by
requiring ptq, = po = 0. The zero pressure p, implies that momentum transfer is absent in

equilibrium. The interface profiles ¢, = ¢a (£) are determined by the differential equations:
1
0= pul, = ¢ <(C—W/(¢zq) - QCHQAQSZ‘]) , fora=1,...,N (108a)
Ny
0= ll =20 (G W62 - 2Cnado?)
Cn,
2
+ e W) - 2Cn, || V¢2|?, fora=1,...,N, (108b)

1= ¢ (108c)

We determine the explicit interface profiles in the one-dimensional situation. Denote
with £ a spatial coordinate centered at the interface.

Theorem 4.2 (Equilibrium profile). In absence of gravitational forces, the system (97)
obeys in one-dimension the classical interface profile:

. l +£
bo = ¢SI(E) = 5 <1 + tanh <—Cn\/§>> , (109)
with Cng = Cn fora=1,...,N.

Proof. One may verify via substitution that the interface profile (109) satisfies the identities:

1 / eq d2¢g’q _
Co. W' (ped) — 2Cnoé—d£2 =0, (110a)
1 dga\?
eq —_ p—
Coo W (¢81) — Cn,, ( a ) 0, (110b)
for Cn, =Cn,a=1,...,N. O

Theorem 4.2 conveys the shape of the interface profile, and moreover, it communicates
that the interface width parameters need to be equal (Cn, = Cn,a = 1,...,N). In the
remainder of the paper we restrict to equal interface width parameters. As a consequence
of the above identities we have

_ 2
"~ CnWe,

UL (629(€)) = VX (624(€)) W (¢29)
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! (1 — tanh? (ij/i»? , (111a)

- 4CnWe,,

T 11 e _ 4 e
\I/a ((baq(f)) - CDWGQK((baq)

~ 4CnWe,, o Cnv2

<1 — tanh? <<ij/§>>2' (111b)

We visualize the free energies in Figure 2. The free energy of model I is symmetric around
0, whereas the free energy of model I is non-symmetric. Both free energies collapse onto

the interface for Cn — 0.
15 : : : 15 : :
—Cn =10.5 —==Cn=0.5
—Cn =0.25 —===Cn =0.25
——Cn = 0.125 —==Cn = 0.125 "
L 1 1h 'l' .‘
[
I\
i -\,‘{
0.5 s /7
5 "// “\
/I! ’.—"—L‘:\“.
LT NN~
0 e/ iy
15 1 0.5 0 0.5 1 15 L5 1 0.5 0 0.5 1 15
13 13
(a) We Ul = We, ol (b) We, Wl
_ .eq
= ¢a'(£)-

Figure 2: The free energies for the equilibrium solution ¢,

Finally, we introduce the (dimensionless) constituent surface tension coefficient as:
(112)

0. = /R W, (629(6)) de.

One may verify that the integral is the same for each of the two models:

T, eq _ T eq _ \/5
[k emeyas = [ o) ds = o (13)

5 Connection with the Navier-Stokes Cahn-Hilliard model

In this section we explore the connection of the mixture model (88) and the the Navier-

Stokes Cahn-Hilliard model. We restrict ourselves to binary mixtures for the sake of clarity,
and note that the extension to multi-constituent mixtures is straightforward. We discuss

the connection for the diffuse-interface models outlined in Section 4. First, in Section 5.1
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we lay down two particular forms of the NSCH model. Then, in Section 5.2 we analyze
the connection of the components of the mixture model with the NSCH model. Finally, we
discuss the connection of the complete models Section 5.3.

5.1 The Navier-Stokes Cahn-Hilliard model

Restricting to two constituents, the volume fractions now constitute a single order param-
eter. We define this order parameter in the classical way as the difference of the volume
fractions of the individual constituents: ¢ = ¢ —¢p9 € [—1,1]. Invoking (5) and (7) provides:

h=—— 2=, (114a)

p)=—5 "+

We note that the NSCH model (1) is written is a form that directly allows the spec-
ification of a volume-measure-based Helmholtz free energy belonging to the constitutive
class:

(114b)

U = U(¢p, Vo). (115)

On the other hand, it is also common to work with a Helmholtz free energy that is mass-
measure-based:

) =9(6, V). (116)

We now present (equivalent) compact forms of the NSCH model, one suited for each of the
two choices.

To establish the connection between the two Helmholtz free energy classes we select the
following natural identification:

(¢, V) = p(9)Y(4, Vo). (117)
Furthermore, we introduce chemical potentials associated with each of the constitutive
classes:

ov ov

= — —div| — 11

=g <0V¢>’ (1152)

L S I

= — —-d — . 118b
YT ”(”em) (115b)

With the aim of introducing the first compact form, we present a lemma analogous to
Theorem 3.12.

Lemma 5.1 (Compact form free energy contributions). The following identity holds:

_ _ - ) A
¢V = V(iap — ¥) + div (w ® m) . (119)
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Proof. The proof is similar to that of Theorem 3.12. O

Remark 5.2. The identity (119) is often employed in the particular scenario of the Ginzburg-
Landau free energy. Here we note that it holds for the general constitutive class of the
Helmholtz free energy.

Applying Theorem 5.1, we arrive at the first form of the NSCH model:

O (pv) +div (pv @ v) + Vp+ oV

—div (v(2D + A(divv)I)) — pb = 0, (120a)
Op + div(pv) = 0, (120b)
8¢ + div(¢v) — div (MV (i + wp)) + ¢m(i + wp) = 0, (120c)

Next, the second form of the NSCH model follows when switching to the mass-measure-
based Helmholtz free energy in (120). To this purpose we introduce the relation between
the chemical potentials (118).

Lemma 5.3 (Relation chemical potentials). The chemical potentials (118) are related as:

fi = po + 1/1 5 2 (121a)
Proof. This follows from a straightforward substitution. For details we refer to [11]. O
Applying Theorem 5.3, we arrive at the second form of the NSCH model:

O(pv) +div (pv @ v) + Vp + ¢V <pv+¢ p2>

—div (v(2D + A(divv)I)) — pb = 0, (122a)

Op+div(pv) = 0 (122Db)
Oy + div(¢v) — div <1\7IV <pv a2 p2 + wp))

+¢m <<pv + 1/1 p2> + wp) = 0. (122¢)

Remark 5.4 (Variable transformation). One can apply a variable transformation in (122)
to absorb the term ¥ (p1 — p2)/2 into the pressure p. For details we refer to [11].

Analogous to the diffuse-interface models in Section 4, we distinguish between a Ginzburg-
Landau free energy that is either volume-measure-based, or mass-measure-based. It is our
purpose to compare the associated models with the diffuse-interface models of Section 4
(model T and model II). We also refer to the NSCH free energy models as model I and
model II to emphasize this intend.
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Model I. The volume-measure-based Ginzburg-Landau free energy is given by:

V' = TF(0) + 5 Vel (1233)
F(¢) = 30— 6. (123b)

where F' = F(¢) represents a double-well potential, € is a (constant) interface thickness
variable, and o is a (constant) variable related to the surface energy density. The chemical
potential and mass transfer take the form:

il = ZF(9) - 0co, (124a)
Y= —m (g +wp). (124b)

Model 1I. The mass-measured-based Ginzburg-Landau free energy reads:

- K KE

P = —F(e) + > 1Vell*, (125)
where F' = F(¢) is given in (123b). Also in this second model, the interface thickness
variables £ and surface energy density quantities x are assumed constant. The associated
chemical potentials and mass transfer take the form:

S ne(p;— p2) 2 (126a)
p

Al SF’(@ — keAg, (126b)

1 I, PLT P2 (R _ ke 2

= = (74 BT (S0 - E TR + ). (126¢)

We now present the energy-dissipation property of the NSCH model. Introduce the
global energy as the superposition of the Helmholtz free energy, kinetic energy and gravi-
tational energy:

E(Q) = / U+ .7 +9dQ, (127a)
Q

where the Helmholtz free energy ((115)) is specified in (123) and (125), the kinetic energy
is given in (30b), and the gravitational energy is:

G = pgy. (128)

Theorem 5.5 (Energy dissipation NSCH). Suppose that the NSCH model is equipped with
the natural boundary conditions on €):

(—pI+v (2D 4 A(divv)I))n = 0, (129a)
Vé-n=0, (129b)
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(MV (i + wp)) n = 0, (129c¢)

where n denotes the outward unit normal, then the associated total energy satisfies the
dissipation relation:

%E(Q) = —/Q <21/ (D — é(dm)l) : (D — é(diw)l)) dQ
_ / v <)\ + %) (divv)? dQ
- /Q V(z +wp) - (MV(f +wp)) dQ
_ /ng(u +wp)? dQ < 0. (130)

The equilibrium profile of the model is characterized by zero energy evolution:

d
ZE@) =0. (131)

Following a similar argumentation as in Section 4.3, in absence of gravitational forces one
can deduce the equilibrium profile:

+¢
= ¢®4(¢) = tanh <—> ) 132
¢ (©) -/ (132)
where again ¢ is a coordinate centered at the interface (¢ = 0).
Lastly, consider the determination of the surface tension coefficient. Similar to (112) we
set:

o' = [ ¥ ge) ag, (133a)
o = [ W (gra(e))ae, (133b)
and note that the integrals are equal to:
ol = 023£, (134a)
o = (p1 + pz)l-@g. (134b)

5.2 Connection of the components of the mixture model

To study the connection of the mixture model (88) and the NSCH model (120), (122), it
is useful to formulate the mixture model in terms of pure mixture quantities. The mixture
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quantities are the mixture velocity v (defined in (12)), the order parameter ¢ (defined
(114)), and lastly a diffusive flux quantity defined as:

J = p1w1 — pawa. (135)

To formulate the mixture model (88) in mixture quantities we introduce the variable trans-
formations:

J
vVi=V+— 136a
! 2p1 ( )
J
Vo=V — —, 136b
? 2p2 ( )

which follow from (12) and (135).

In the remainder of this subsection we formulate the various energies and components
of the mixture model (88) in mixture quantities, and establish the connection with their
counterparts in the NSCH model. We compare the quantities associated with the Ginzburg-
Landau free energy model of Section 4.1 with quantities of corresponding free energy model
of Section 5.1.

Kinetic energy. We recall from (30) that the kinetic energy of the mixture (29a) may be
decomposed as:

_ 1._
H = *%/"FZipaHWaH% (137)

The kinetic energy corresponding to the peculiar velocity is neglected in the NSCH model.
The next lemma reformulates this kinetic energy in mixture quantities.

Lemma 5.6 (Kinetic energy peculiar velocity). The kinetic energy associated with the
peculiar velocity takes the form:

_ 9 pll
E W = —. 138
o 2paH el 2p1p2(1 — ¢?) (138)

Proof. On the account of (14) we add a suitable partition of zero to the left-hand side and
find:

Z PallWall? = w1 - (P1w1 + paws) + Wa - (51W1 + paws)

a=1,2 ~ ~
— W1 p2W2 — W2+ 01W]

= — Wi PpaW2 — Wa - P1W]

Coome (139)
Next, by recognizing the constituent diffusive flux we arrive at the result:
; phidy 33 pld)?
p Hw H2 = - = = — = ) (140)
a:ZL2 o o P1P2 4p1p2 2p1p2(1 _ ¢2)
O
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Gravitational energy. The gravitational energy of the mixture ¢4 coincides with the NSCH
gravitational energy:

gl = P1 #by, (141&)
= pt 2y, (141b)
G =9 +% = G = pby. (141C)

Free energy. We define the mixture free energies as:

U(p, V) = T1(p1, Vor) + Ta(¢2, V), (142a)
pU(6, Vo) = prin (b1, Vo) + patda(da, Vo). (142b)

We distinguish between the two models specified in Section 4.1.

Model I. The constituent free energies (89) take the form:

~ (o) g1¢€
Wi = D F(@) + Vel (143a)
£ g 09&
Wy = ZF($) + VeI, (143b)

where F' = F(¢) is defined in (123b). Inserting the Ginzburg Landau free energy (143) into
(142) we obtain:

1 (01 02 O1€ + 02¢€ 9
W= (224 2) Flo) + T Vol (144)

This form coincides with the standard Ginzburg Landau form (123) for the scenario o =
o1 = 09:

W= 0 = ZF(9) + Vel (145)

Model II. The constituent free energies (92) read:

~ KR R1€
= 2 F©0) + vl (1462)
~ K R9€&
3= ZF () + Vel (146b)

Inserting the Ginzburg Landau free energy (146) into (142) yields:
o (P1R1 pz@) r P1K1E + p2KaE 9
pitt = (B2 + B2 F(o) + BT vy

P1k1  pP2k2 P1R1E — P2k2E 2
+ (52 - B2 or(o) + B2 g v (147)
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In the special case k = k1 = ko we retrieve the NSCH free energy:
. - K K€
gl = = ZF(9) + S vl (149)

Korteweg tensor. We differentiate between the two models specified in Section 4.1.

Model I. The constituent Korteweg tensors read in mixture quantities:

6@11 g1¢€
o = — , 149
Voo ® o 5 VOOV (149a)
8\1112 092¢&
o = = 149b
Vo ®8V¢a 2 V¢ @ V. (149b)
The superposition of the constituent Korteweg tensors yields:
3@1 g1€ 09&
azlz Pa ® aw = VOO ovs (5 +5) Ve ve (150)

The first equality holds for all constituent classes gyl = \ifl(gb, V¢), whereas the second
follows from (149). For the special case 0 = 01 = o2 we find the standard mixture Korteweg
tensor:

> Voo ® 6V¢ = eV @ V. (151)

a=1,2

Model II. The constituent Korteweg tensors read in mixture quantities:

oy}
oy k1eVo @ Vo, (152a)
O pil
3%2 = rpeVo @ V. (152b)

The superposition of the constituent Korteweg tensors yields:

oWl oWl
;;zwaea 0. =V —

_ <P1H1€ P2K2€E
2 2
P1H1€

+o ¢pmg) Vo @ V. (153)

In the scenario kK = k1 = kg the mixture Korteweg tensor reduces to:

> Vo ® av ¢ = preVo @ V. (154)

a=1,2
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Chemical potential. Likewise the other terms involving the free energy, we separate the two
modeling choices specified in Section 4.1.

Model I. The chemical potentials take the form:
uh = 2L (6) — 10 (155a)
uh= — %F/(qb) + o2, (155b)
In the case 0 = 01 = 09 we arrive at:
ph = —is = i' = ZF(9) - 0. (156)

Model II. The associated chemical potentials take the form:

W = 2ot (2 E(0) - 5Vl (1572)
il = 22 st o (2R (0) - Vo) (157b)
= iﬂF’(@ — 2k1EAQ, (157¢c)
T = - ?F’(@ + 2k2e A, (157d)
In the case kK = kK1 = K9 we arrive at:
p = (L4 )7 + o1 (SF(9) - T IV6I12) (1582)
W = = a1 = $)7" + pa (SF(9) = SIV9IP) (158b)
The free energy contributions take the form:
> $aViuh = gV (k1 — ) + %V (ki + p13) - (159)

a=1,2

Lemma 5.7 (Reduction free energy contribution). In case of equal parameters o = o1 = o9
(model I), and k = k1 = Ko (model II), the surface tension contributions reduce to:

> 6a Vil = ¢V, (160a)
a=1,2
3" $aVull = ¢V (pv“ + w“%) +e, (160b)
a=1,2
_ < o1, PLEp2 (R _ ke 2
c= v (-t + P52 (SF0) - SIVO)). om)
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Proof. This is a straightforward consequence of the variable transformation (114) and the
form of the chemical potentials (155) and (157). O

Theorem 5.7 conveys that for free energy model I the surface tension contribution co-
incides with that of the NSCH model. On the other hand, for model II it does not match
with the NSCH model due to the presence of ¢ in (160b) (which is in general not zero).

Mass transfer. On the account of the balance (27a), we introduce a single mass transfer
quantity 4 that is related to the constituent mass transfer quantities via:

. . . 1, . 1,
g =% — Ao, =58 =g (161)

We distinguish the two free energy models specified in Section 4.1.

Model I. Substitution of the order parameter into (91) provides:
¢:_m<<ﬂﬁjz>pw%<@£+ﬂﬁA¢
p1€  p2€ P1 P2

2

where ™ = 2m1 = 2ms9. In the scenario ¢ = 01 = o9 the mass transfer reduces to the
NSCH mass transfer:

V=7 =-m (@ +wp), (163)
with m = mm(p] " + py b).
Model II. Substitution of the order parameter into (94) provides:

P (242 s (2 2ot
— (k1€ + K2e) Ap — (k1€ — Kog) PAD
K1 Ko K1E  Ko€

2 2) ) (5 - ) vor
+(Z-2)F0) - (5 -5 ) Ivel
1 1
(5 -)0). (164)
pL - P2
where 1 = 211 = 2msy. In the scenario k = k1 = ko the mass flux reduces to:
A= (Mfﬂ + wp) (165)
p1+ p2 ’

with 7 = m(p1 + p2)/(p1p2). This does in general not match with the NSCH mass transfer.
However, in the density matching case p; = ps = p it reduces to the NSCH mass transfer

35



A — A1,

Momentum transfer. Based on the balance (27b), we introduce the momentum transfer 4
related to the constituent momentum transfer quantities via:

. . . 1, . 1,
T =7ty — 7o, = 57\', Tty = —§7r. (166)

Inserting the order parameter and denoting D = D15 = Ds1, we obtain:

oD 1, 4 1 1
= pVo - AV + 2 - 1
T=pVe 2DP1P2J HETARE <P1(1 +¢)  p2(l— ¢)> . (167)

where the last member vanishes when ¢ = +1.

Viscous stress tensor. Invoking the variable transformation (136), the superposition of the
viscous components of the stress tensors admits the form:

> o (2Dg + Aa(divve)T) = v (2D + Adivv)

a=1,2
+ 0 (2A 4+ A (div))I)
+rv(2B+AJ-Vo)I), (168a)
where we have introduced the viscosity quantities:
1 1-—
v=1 +é + 19 (b, (169a)
2 2
N %1 )
V= — - -, 169b
201 2po ( )
o V1 12)
v= — + , 169c¢
201(1+6) " 2ps(1—9) (169¢)
the symmetric tensors:
1 T
D=g (Vv+(Vv)'), (170a)
1
A= (VI+ (v, (170b)
1
B:§(J®V¢+V¢®J), (170c)

and we have set A = A\; = Ao. In establishing the above form we have made use of the
identities:

1 1
Vvi=Vvt—— VI——— _J@ Ve, 171a
' p1(1+9) pr(1+¢)? ¢ (1718)

1 1
Vvy=Vv— —— VIt ——J® V. (171b)

p2(1— @) p2(1 — @)
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Each of the three members of the viscous stress tensor (168) appears in the classical form of
a symmetric tensor and AI times its trace. The form (168) conveys that the mixture viscous
stress term is composed of contribution solely associated with the mixture velocity v, and
a part in terms of the diffusive velocity J. The first contribution is precisely the viscous
stress tensor in the Navier-Stokes Cahn-Hilliard model. In contrast, the second contribution
represents diffusion with respect to the peculiar velocity. This contribution is absent in the
Navier-Stokes Cahn-Hilliard model.

Peculiar velocity stress component. With the aim of expressing the peculiar velocity com-
ponent of the stress in mixture variables, we introduce the following lemma.

Lemma 5.8 (Symmetry dyadic product peculiar velocity). The peculiar velocity dyadic
product is symmetric:

Wi Q Wy = Wy @ WJ. (172)
Proof. This follows from the sequences of identities:
Wi Qwy= (Vi —V)® (vyg — V)
=V Q®Vy— %V1 ® (p1v1 + pava) — % (P1v1 + pave) @ Ve + VRV

:—%vl@ﬁvl—%w@w—i—v@v. (173)

We may now write the peculiar velocity component in mixture quantities.

Lemma 5.9 (Peculiar velocity component stress). The peculiar velocity component of the
stress takes the form:

- pd @J
Z PaWa @ Wo = 5—————. (174)
Py 2p1p2(1 — ¢%)
Proof. The proof goes similar as that of Theorem 5.6 and relies on Theorem 5.8.
O

This contribution represents the inertia of the diffusive flux. It is not present in the

NSCH model.

5.3 Connection of the complete models

We start with the mass balance laws. The mixture mass balance law

Op + div (pv) =0, (175)
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as presented in (25a), is identical in the mixture model (88) and the NSCH models (120)
and (122). Next, the phase equation formulated in mixture quantities follows from (88a):

O + div(¢v) + divh — (v = 0, (176)
where we have introduced the diffusive flux quantity:
h = ¢1wi — gows. (177)

This equation is not of Cahn-Hilliard type. The phase equation (176) does not contain a
chemical potential or pressure variable. This sets it apart from it NSCH counterpart in
which the diffusive flux h is replaced by the constitutive model:

h! = — MV(z + wp), (Model I) (178a)

= - MV <pv + @% + wp> . (Model II) (178b)

The diffusive flux (177) and the constitutive model (178) both vanish in equilibrium. On the
other hand, the mass transfer term of the mixture model and the NSCH model is of similar
type. In the scenario of model I with equal modeling parameters (01 = 09) it coincides with
the NSCH mass transfer (see Section 5.2).

Remark 5.10 (Diffusive fluxes). The diffusive fluzes J and h constitute a single unknown
in the system, since they are related as J = 2p1p2h/(p1 + p2). For a proof we refer to [11].

Next, we focus on the mixture momentum equation which follows from the superposition
of the constituent momentum balance equations (88b):

Om + div(m ® v) + Vp — div (v (2D + Adivv)) — pb
1

%V (1 = p2) + 5V (i1 + )

—div (7 (2A + A (divd)I) + 7 (2B + A (J - Vo) I))

. pJ®J B
+div <—2p1p2(1 — ¢2)> = 0. (179)

where we have substituted the expressions for viscous, and peculiar velocity contributions.
The first line matches with the NSCH model. The second line consists of free energy terms.
In case of equal modeling parameters, it reduces for model I to the free energy contribution
in the NSCH model. This does not apply to the second model. The members of the last
two lines are absent in the NSCH linear momentum equation. These terms are all linked
to the diffusive flux. The diffusive flux in the mixture model is described by an evolution,
whereas in the NSCH model it is determined by the constitutive model (178). This is related
to the usage of the energy-dissipation statement modeling restriction of the NSCH model,
instead of the second law of thermodynamics adopted for the mixture model. It precludes
the need of a constitutive model for the momentum transfer. The system described by

_l’_
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the mixture mass balance (175), the phase equation (176), the linear momentum equation
(179), augmented with the evolution equation of the diffusive flux (see [11]) is equivalent to
the mixture model (88) (for the diffuse-interface models of Section 4).

The mixture model and the NSCH model share the same one-dimensional equilibrium
profile:

+&
= ¢°(€) =tanh [ —= | . 180
6= 6(€) = tanh ( =) (150)
We consider the surface tension coefficient and define for both models:
©:=0,+06,. (181)
This results in:
A 2
o= (o1 + 02)%, (182a)
A 2
@H = (pllﬁ + p2/€2)£. (182b)

3

For equal parameters o1 = 09 = 0 and k1 = Ko = K these integrals match with the NSCH
surface tension coefficients:

A . 2v/2
o'=06' = 0%—, (183a)
O =0 = (p, + pz)fs@. (183h)

3

Lastly, we summarize the comparison of the mixture model and the NSCH model in
Table 1.

6 Conclusion

In this paper, we presented a thermodynamical consistent diffuse-interface incompressible
mixture model. Starting from the continuum theory of mixtures we derived a constitutive
modeling restriction that is compatible with the second law of thermodynamics. Subse-
quently, we selected constitutive models that satisfy this modeling restriction. To close the
mixture model, we presented two diffuse-interface models, each associated with a particular
Helmholtz free energy. Finally, we studied in detail the connection with the Navier-Stokes
Cahn-Hilliard model (see Table 1 for an overview).

While the diffuse-interface mixture models we have set out are helpful in the study of
evolution of incompressible mixtures, we certainly do not claim that these are sufficient.
We outline two main avenues of potential future research. The first avenue is the rigorous
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Mixture model NSCH model

Mixture theory v X
Modeling restriction Second law Energy-dissipative

# mass balance laws N N

# momentum balance laws N 1
Diffusive flux Evolution equation  Constitutive model
Interface profile Tangent hyperbolic Tangent hyperbolic

Table 1: Comparison mixture model and NSCH model for N constituents. With the term
‘mixture theory’ we indicate whether the model is compatible with mixture theory. Next,
energy-dissipative refers to the energy-dissipative property of NSCH model. Finally, in the
last line we note that both models admit the standard tangent hyperbolic interface profile
for the Ginzburg-Landau free energy.

mathematical analysis of the models, and the study of the sharp interface asymptotics. This
sharp interface analysis is of different type than of the Navier-Stokes Cahn-Hilliard model.
Indeed, the proposed mixture models are not of Cahn-Hilliard type and do not contain a
mobility parameter. Furthermore, to assess the behavior of solutions of the mixture model,
it is essential to develop suitable numerical algorithms. In particular, it is worthwhile to
compare numerical solutions of the mixture model with those of the Navier-Stokes Cahn-
Hilliard model.
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