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Abstract

Over the past few decades, numerous N-phase incompressible diffuse-interface flow
models with non-matching densities have been proposed. Despite aiming to describe
the same physics, these models are generally distinct, and an overarching modeling
framework is absent. This paper provides a unified framework for N-phase incompress-
ible Navier-Stokes Cahn-Hilliard Allen-Cahn mixture models with a single momentum
equation. The framework naturally emerges from continuum mixture theory, exhibits
an energy-dissipative structure, and is invariant to the choice of fundamental variables.
This opens the door to exploring connections between existing N-phase models and fa-
cilitates the computation of N-phase flow models rooted in continuum mixture theory.
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1 Introduction

1.1 Background

Incompressible multi-phase flows are ubiquitous in nature, science and engineering, with
a wide range of applications'. The development of continuum models (and corresponding
methods) that describe these flows has been an active field of research for the last few
decades. This research can be (roughly) divided into (i) sharp interface models [1-4],
and (ii) diffuse-interface models. Within the diffuse-interface category, phase-field models
constitute a well-known class [5-8]. While we acknowledge the importance of each of the
above approaches, the current article focuses on phase-field models.
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Phase-field models have gained popularity over the last decades, and have become a
versatile modeling technology with a wide range of applications in science and engineering.
They offer resolutions to challenging moving boundary problems by simultaneously address-
ing the geometrical representation and the physical model, see e.g. [7, 9]. By representing
interfaces implicitly through continuous field variables, phase-field models eliminate the
need for explicit boundary tracking, enabling accurate and efficient simulations of phenom-
ena such as solidification [10], crack propagation in fracture mechanics [11], and two-fluid
flow dynamics [12].

The vast majority of incompressible, viscous, multi-phase flow models in the literature
is restricted to two fluids. In the realm of phase-field modeling, a prototypical model is the
Navier-Stokes Cahn-Hilliard Allen-Cahn (NSCHAC) model. The first model of this kind,
now known as model H, was proposed in Hohenberg and Halperin [13]. This model may
be understood as a simplification of the more complete two-phase NSCHAC model in the
sense that (i) it is restricted to matching fluid densities, and (ii) it does not permit mass
transfer between phases (i.e. it does not contain an Allen-Cahn type term). The foundation
of this model is largely based on empirical arguments; a derivation based on the concept
of microforces (see [14]) was established in Gurtin et al. [15]. In subsequent years, several
efforts have been made to relax the matching-density restriction, see e.g. [16-18], and
see e.g. [19-22] for numerical simulations. Initially, these models were classified into two
distinct categories: (i) models with a mass-averaged mixture velocity, and (ii) models with
a volume-averaged mixture velocity. In a recent article, we proposed a unified framework,
rooted in continuum mixture theory, which leads to a single Navier-Stokes Cahn-Hilliard
(NSCH) model that is invariant to the set of fundamental variables [23]; see [22] for a
divergence-conforming discretization with benchmarks. Contrary to the above-mentioned
classification, the framework indicates that aforementioned classes of models coincide, up
to minor modifications.

Although most research in the field of multi-phase flows focuses on N = 2 phases, there
are various N-phase (N > 2) incompressible flow models. Similar to the two-phase case,
the literature on N-phase models that (partly) utilize continuum mixture theory is divided
into two categories: (i) models with a mass-averaged mixture velocity, and (ii) models with
a volume-averaged mixture velocity. Without attempting to be complete, we mention the
N-phase mass-averaged velocity models [24] (N = 3) and [25, 26] (N > 2), and the N-
phase volume-averaged models [27-29] (N > 2). Furthermore, there are incompressible
N-phase NSCH models that are not (partly) based on continuum mixture theory, rather
these models are established via coupling a multi-phase Cahn-Hilliard (CH) model to the
Navier-Stokes equations, see [30-36]. We also refer to several theoretical considerations
of Allen-Cahn/Cahn-Hilliard (AC/CH) systems in isolation (ignoring inertial phenomena
present in fluid mechanic systems), see e.g. [37—41], and to phase-field N-phase flow models
[42, 43] that are not of NSCH type.

Although various N-phase models have been proposed, their differences in assumptions
and methodologies pose challenges for both theoretical analysis and practical application. A
unified perspective remains elusive, complicating efforts to compare and refine these models.



1.2 Objective and main results

A number of the existing N-phase phase-field models, mentioned above, and in the refer-
ences therein, provide different models (alongside with computational methodologies) for
the same physical situation: the dynamics of viscous, incompressible (isothermal) N-phase
mixture flows. Naturally, there is some leeway in constitutive modeling, and not all mod-
els have the same complexity level?>. However, one can infer that models within the same
complexity class are already distinct before constitutive modeling. The above observations
raise questions regarding differences and connections between the models. While the afore-
mentioned unified framework of NSCHAC models [23] is presented for the two-phase case,
the adopted modeling principles therein are at the core not restricted to two phases. There
are however a number of non-trivial considerations that come into play when examining
the more general case N > 2. Important elements to consider are (i) symmetry properties
with respect to the numbering of the phases, (ii) the reduction-consistency property (an
N-phase system reduces to an (N — M)-phase system in absence of M phases), and (iii)
and the saturation constraint (volume-fractions/concentrations add up to one).

In light of these challenges, a systematic approach is needed to reconcile and unify ex-
isting models while addressing key theoretical considerations such as symmetry, reduction-
consistency, and the saturation constraint. For this purpose we utilize continuum mixture
theory [47] as point of departure. Continuum mixture theory provides a macroscopic frame-
work for modeling systems composed of multiple interacting constituents, such as phases or
chemical species. In this theory, each constituent is treated as a continuous field, character-
ized by its own set of properties, such as mass density, velocity, and concentration. These
fields coexist and interact within the same spatial domain, governed by balance laws for
mass, momentum, and energy. A key aspect of this mixture theory is its ability to account
for inter-constituent interactions through constitutive relations, ensuring that the overall
behavior reflects the combined effects of the individual phases. The framework serves as a
foundation for deriving governing equations for multiphase flows and provides a systematic
approach to connect microscopic processes with macroscopic behavior.

The primary objective of this article is to lay down a unified framework of N-phase
NSCHAC mixture models. We limit our focus to isothermal phases. In particular, we
derive the following multi-phase-field model for phases (constituents) o = 1,..., N:

O(pv) + div (pv @ v) + Z $aV (g + A) — div (1(2V°v + A(divv)I)) — pb = 0, (1.1a)
3
Oy + div(pav) + p3tdiv(Tq + jo) — pa 'l = 0, (1.1b)

Jat S MaaVgs = 0, (L1o)
B

Jat+ Y KasVgs = 0, (L1d)
B

2To organize the various existing models one can adopt the classification introduced in [44]. This classi-
fication is for example utilized in [45, 46].
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Figure 1: Invariance of the unified framework, both at the level of balance laws (Bal. Laws)
and, after closure, at the level of mixture models (Mix. Model).

Coa+ D mapgs = 0, (Lle)
E

fora =1,..., N, subject to Zﬁ ¢3 = 1, where ¢, is the volume fraction of constituent «,
v denotes the fluid velocity, p, and p, represent the constituent mass densities, p = > 5 P8
is the mixture density, b is the force vector, v is the dynamic viscosity, v\ is the second
viscosity coefficient, V®v represents the symmetric velocity gradient, and A is the Lagrange
multiplier pressure. Additionally, jiq, g are constituent chemical potentials, and Mz, Koz
and mgpg are mobility parameters. The model is composed of equation (1.1a) that details
the mixture momentum equation, N constituent mass balance equations (1.1b), and models
for peculiar velocities (1.1c), and conservative and non-conservative mass transfer models
(1.1d)-(1.1e). Model (1.1) is expressed in terms of the mass-averaged mixture velocity v;
an alternative — but equivalent — formulation emerges when adopting the volume-averaged
mixture velocity u:

0; (pv) +div (pv @ v) + Y 65V (ug + )

8
—div (v (2V*v + AdivvI)) — pb = 0, (1.2a)
divu =~ p ' (Cs + divig) = 0, (1.2b)
8
Dita + div (dav) + p ' div(Ja + o) — p5'Ca = 0, (1.2¢)

fora=1,...,N —1, subject to } 53¢ =1 with v=u—> g4 pgljg, where Jo, jo and ¢,
are defined in (1.1¢), (1.1d) and (1.1e), respectively. Analogously to the above formulation,
the model is comprised of a mixture momentum equation (1.1a), and N constituent mass
balance laws (1.1b). We provide precise definitions of all quantities in the remainder of
the article. A key property of the framework is its invariance to the set of fundamental
variables, both before and after constitutive modeling (see Figure 1).

The classification as an NSCHAC model is evident in the combination of a momentum
equation with (V) mass balance laws that are of Cahn-Hilliard Allen-Cahn type for specific



free energy choices. The Cahn-Hilliard components appear in the third members of the
mass balance laws, whereas the Allen-Cahn character materializes in the latter terms of
the mass balance laws. Furthermore, the model — in both formulations — displays a strong
coupling between the various equations; through the constituent densities p,, the velocity
v (or u) and the Lagrange multiplier pressure .

The secondary objective of this article is reveal connections between model (1.1)-(1.2)
and existing models in the literature. First, we compare model (1.1)-(1.2) with the unified
NSCHAC model [23] for the situation of two phases. Subsequently, we compare the frame-
work to that of [28]. Finally, we discuss the connections of the proposed framework with
the mixture-theory-compatible N-phase model [48].

1.3 Plan of the paper

The remainder of the paper is organized as follows. In Section 2 we present the continuum
theory of rational mechanics for incompressible isothermal fluid mixtures, highlighting the
connections between different quantities and formulations of evolution equations. Next, in
Section 3, we conduct constitutive modeling using the Coleman-Noll procedure. Following
that, Section 4 addresses the properties of the model. Subsequently, in Section 5 we ex-
plore the connections of the novel model with existing models in the literature. Finally, in
Section 6, we provide a conclusion and outlook.

2 Continuum mixture theory

The purpose of this section is to outline the continuum theory of mixtures for incompressible
constituents, excluding thermal effects. This section aligns with [48] at several points.

The continuum theory of mixtures is grounded in three general principles introduced in
the pioneering work of [47]:

1. All properties of the mixture must be mathematical consequences of properties of the
constituents.

2. So as to describe the motion of a constituent, we may in imagination isolate it from the
rest of the mixture, provided we allow properly for the actions of the other constituents
upon it.

3. The motion of the mixture is governed by the same equations as is a single body.

The first principle communicates that the mixture is made up of its constituent parts. The
second principle asserts the connection of the different components of the physical model
through interaction terms. Lastly, the latter principle states that one can not distinguish
the motion of a mixture from that of a single fluid.

In Section 2.1 we introduce the fundamentals of the continuum theory of mixtures and
the necessary kinematics. Then, in Sections 2.2 and 2.3, we provide balance laws of indi-
vidual constituents and associated mixtures.



Figure 2: Situation sketch continuum mixture theory.

2.1 Preliminaries

In the continuum theory of mixtures the material body % is comprised of N constituent
bodies %B,, with a = 1,...,N. The bodies %, are permitted to simultaneously occupy
a shared region in space. Denoting by X, the spatial position of a particle of %, in the
Lagrangian (reference) configuration, the (invertible) deformation map defines the spatial
position of a particle:

X = Xo(Xa, ), (2.1)

where x € Q, with Q € R? the domain (dimension d). We refer for more details on
continuum mixture theory to [47], and sketch the situation in Figure 2. We introduce the
constituent partial mass density p, and specific mass density p, > 0 respectively as:

i _ My (V)
Pa(x,t) := |V1|§0 v (2.2a)
pax ) = lim MalV) (2.2b)

Val=0 Vol

where V' C Q (measure |V|) is an arbitrary control volume around x, V,, C V (measure
|V4|) is the volume of constituent « so that V = U,V,. Here, the constituents masses are
M, = M,(V), and the total mass in V' is M = M (V) =3 M,(V). The mixture density
is the sum of the partial mass densities:

o) = lim 2V 55 o), (2.3)

vi—o |V



Additionally, we introduce the mass concentrations (or mass fractions) and volume fractions
respectively as:

o Ma(V)  pa
ca(x,t) = I‘l/l‘rilo MOV (2.4a)
bu(x.t) = lim Ll _ Pa (2.4b)

Vi—o VI pa
which sum up to one:

D calx,t) =1, (2.5a)

07

> falx,t) = 1. (2.5b)

«

We assume that the constituents are incompressible, meaning that the specific mass densities
are (constituent-wise) constant:

Pal(X,t) = pa (2.6)

By means of the incompressibility of the constituents, (2.6), and the definitions (2.4), the
volume fractions and concentrations are related by:

-1

Cq Cp
o = — - , 2.7a
Pa Zﬁ: Pp ( )
—1
Cq = paan Zpﬁgbﬁ s (27b)
B

fora=1,...,N.

Remark 2.1 (Incompressibility N-phase model). The relations (2.7) hinge on the assump-
tion that the constituents are incompressible, definition (2.6). The variables ¢o (or co) are
interdependent via (2.5), which must be explicitly considered when formulating or deducing
relationships to avoid overdetermined or inconsistent expressions. For erxample, the map-
pings (2.7) are not invertible. We discuss these challenges throughout the article, and in
Appendiz B.

Remark 2.2 (Alternative definitions incompressible mixtures). Besides the current defini-
tion of incompressible constituents (2.6), which is frequently adopted in the literature (see
e.g. [26-29]), there exist other notions of incompressibility in mizture flows. We refer for
an alternative to [49] and the references therein.



We proceed with the introduction of the material time derivative fl)a of the differentiable
constituent function P,:

N

Yo = 8t1|)a(Xont)’Xa- (28)

Here we adopt the notation |x_ to indicate that X, is held fixed. The constituent velocity
now follows as the constituent material derivative of the deformation map:

VQ(X, t) = atXa(XCv’ t)|ch = Xa' (29)

In contrast to the mixture density, there appear various mixture velocities in the literature.
Among the most popular ones are the mass-averaged velocity, denoted v, and the volume-
averaged velocity, denoted u, which are respectively given by:

v(x, ) = ) calx,D)va(x,1), (2.10a)

(6%
u(x,t) = Z(ﬁa(x, t)va(x,1). (2.10Db)
(6%
We introduce peculiar velocities of the constituents relative to both mixture velocities:
Wao (X, t) = va(x,t) — v(x,t), (2.11a)
wa(x,t) == vo(x,t) —u(x,t). (2.11Db)

Additionally, we define the following (scaled) peculiar velocities (that depend on x and t):

Jo = paWa, (2.12a)
hy, = oW, (2.12b)
JU = fowa (2.12¢)
h! = dawa. (2.12d)

Remark 2.3 (Terminology peculiar velocities). The quantities (2.11) and (2.12) are in
the literature often referred to as “diffusion velocities” and “diffusive fluzes”, respectively.
This terminology is natural because the terms (2.12) appear in constituent mass balance
laws (see Section 2.2) as flux terms, and their constitutive models (see Section 3.4) have
a diffusive character. However, utilizing constitutive models for (2.12) is not essential
(see [48]), and therefore we use the terminology “(scaled) peculiar velocity” to reflect their
original definitions (2.11) and (2.12).

Direct consequences of (2.11), (2.12a), and (2.12d) are the properties:

> J. =0, (2.13a)
> hi=o. (2.13b)

The relation between the mass-averaged and volume-averaged velocities is specified in the
following lemma.



Lemma 2.4 (Relation mass-averaged and volume-averaged velocities). The mass-averaged
and volume-averaged velocity variables are related via:

u= v—|—Zp;1Ja:v—|—Zha, (2.14a)
(6% (6%
V= u—l—p_lz.]g. (2.14b)
(6%
Proof. These relations result from the sequences of identities:
U= ¢aVa= GaWat Y ¢av=> pg'Ja+V, (2.15a)
[e% [e% [e% [e%
Ozz.]a:Zﬁa(va—v) :Zﬁa(va—u—l—u—v)
(6% (0%

=> Ji+pu—v). (2.15b)

The relation between the scaled peculiar velocities is displayed in the next lemma.

Lemma 2.5 (Relation scaled peculiar velocities). The scaled peculiar velocities are related
via:

Jo=J8—ca > T4, (2.16a)

B
Jg = Jo = pa Zpgl‘]& (2'16b)

B
ha = b — 6ap~' S psh (2.160)

B

h" = hy — ¢q Z hg. (2.16d)

B
Proof. These identities are a direct consequence of Lemma 2.4. U

Lastly, we define the material derivative of the mixture relative to the mass-averaged
velocity:

D(x, 1) = db(x,t) + v(x,t) - V(x,1). (2.17)



2.2 Constituent balance laws

In the continuum theory of mixtures, each constituent moves according to a distinct set of
balance laws, as specified by the second general principle. These laws incorporate terms
that model the interactions among the different constituents. The following local balance

laws apply to the motion of each constituent « =1,..., N for all x € Q and ¢ > 0:
Otpo + div(pava) = Yas (2.18a)
Ot(Ppava) +div (pave @ Vo) — divTy — paba = ma, (2.18b)
T, - T. = N,. (2.18c)

Equations (2.18a) describe the local constituent mass balance laws, where the interaction
terms 7, denote the mass supply of constituent oo due to chemical reactions with the other
constituents. Then, (2.18b) represent the local constituent linear momentum balance laws,
where T, is the Cauchy stress tensor of constituent «, b, is the constituent external body
force, and 7, is the momentum exchange rate of constituent o with the other constituents.
We assume equal body forces (b, = b for a = 1,..., N) throughout the article. Addition-
ally, we restrict to gravitational body forces: b = —by = —bVy, with y being the vertical
coordinate, 7 the vertical unit vector, and b a constant. Finally, (2.18¢c) describes the local
constituent angular momentum balance with N, the intrinsic moment of momentum.

We introduce a split of the mass transfer term into a conservative part and a potentially
non-conservative contribution via:

Yo = Ca — divja- (219)
The mass balance laws (3.1a) take the form:
Otpo + div(pave) + divie = Ca. (2.20)

By invoking the definitions in Section 2.1, one can deduce various alternative — equivalent
— formulations of the constituent mass balance laws (2.18a), such as:

Opa + div(pav) + div(Ja +ja) = Ca, (2.21a)

Otpa + div(pau) + div(Jy +ja) = Ca, (2.21Db)

Dipa + div(pav) + divhy, + po divie = p5'Ca, (2.21c¢)

Orpa + div (¢pqu) + divh + p_ tdivie = pg ' Cas (2.21d)

pOicq + pv - Vo +div(Ja +ja) = Ca, (2.21e)

pOsca + pu - Veg + div(I% +ja) — cadiv | D T4 | = (o (2.21f)
B

Additionally, by invoking the relation (2.7) we can deduce numerous alternative — equivalent
— formulations; for example, by inserting (2.7) into (2.21c) we arrive at an uncommon

10



formulation:

-1 -1
C cg . Co Cp
o[ = = +div | — = v
Pa ; ] Pa ; PB
+divh,, + pgldivja = p(;lCa. (2.22)

Similarly, one can write the constituent momentum balance laws (2.18b) as:

O(pav+Ia) +div(pavv+I,@v+veld,)
— div (Ty — paWa @ Wqo) — paba = T4, (2.23a)
O(pou+J3) +div(ppu®@u+Ji@u+u®dy)
+ div (pawa @ Wa — PaWa @ Wq)
—div (Ty — paWa @ Wo) — paba = mq. (2.23b)

Finally, we introduce the constituent kinetic and gravitational energies, respectively, as:

Ho = pallvall®/2, (2.24a)
G = Paby, (2.24Db)
where ||Va|| = (Vo - va)'/? is the Euclidean norm of the velocity v,.

2.3 Mixture balance laws

The standard formulation of mixture balance laws is well-known and follows from summing
the balance laws (2.18) over all constituents. To establish the precise form, one can, for
example, utilize the formulations (2.21a) and (2.23a) and invoke the identity (2.13a) to
obtain:

Op + div(pv) = 0, (2.25a)
O (pv) + div (pv @ v) —divT — pb = 0, (2.25b)
T-TT = 0, (2.25¢)
where the mixture stress and mixture body force are given by, respectively:
T=)> To— faWa®Wa, (2.26a)
(6%
1

b==>"jaba, (2.26b)

p [e%

and where we have postulated the following balance conditions to hold as follows:

> Y =0, (2.27a)

11



> ma =0, (2.27D)

> N, =0, (2.27¢)
and where we invoke (2.27a) via:

> Ga=0, (2.28a)

Y Ja=0. (2.28b)

This formulation is compatible with the first general principle: the motion of the mixture is
derived from the motion of its individual constituents. In addition, the postulate (2.27) is
essential to ensure general principle three. Even though the forms presented in (2.21) and
(2.23) are equivalent, the summation of these laws over the constituents does not provide
a suitable system of mixture balance laws for each of the formulations. Namely general
principle three communicates that the resulting equations of the mixture are indistinguish-
able from that of a single body. Complying with this principle restricts the forms of the
mass balance law to (2.21a) and (2.21b), and requires the identification of suitable mixture
variables. These variables are p, v, T and b, as defined above. In this sense, the framework
of continuum mixture theory serves as a guideline for defining mixture variables. However,
one can work with other variables as well; and this is fully compatible with the framework.

We discuss other formulations that emerge from (2.21) and (2.23). Summation of
(2.21b)-(2.21f) over the constituents provides:

Op + div <p <u +pt Z Jg)) = Z Yo = 0, (2.29a)

divu = Z P e (2.29¢)
0="> Yo (2.29d)

where (2.29a)-(2.29¢) follow from (2.21b)-(2.21d), respectively, and (2.29d) results from
both (2.21e) and (2.21f). We observe from (2.29a) that the term in the inner brackets in
the second term represents the mixture velocity. Obviously, this matches the mass averaged
velocity by invoking Lemma 2.4. Next, note that (2.29b) also follows from the summation
over the constituents of (2.22). With the aid of Lemma 2.4, one can infer that (2.29b) and
(2.29¢) are identical. Furthermore, v+ > h, = u is a divergence-free velocity whenever
either (i) mass transfer is absent (7, = 0 for all «), or (ii) the constituent densities match

12



(pa = pp for all a, ). The equation (2.29d) complies with the balance condition (2.27a).
Finally, the summation of (2.23) yields:

O (p <u+p‘1ZJg>> + div <p <u®u+p‘1ZJg®u+p‘1u®2Jg>>

+ div (Z PaWa @ Wa — PaWeo @ wa> —divT — pb = 0. (2.30)

a

Invoking Lemma 2.4 and Lemma 2.5 this may be written as:
Oy <p <u+plng>> + div <,0 <u®u+plng®u+p1u®ZJg>>
[0 (6% [e%

+ div <p1 dIe> JZ) —divT — pb = 0. (2.31)

One can infer equivalence with the mass-averaged momentum equation by noting the iden-
tities:

div (p <u®u+plng®u+p1u®ZJg>> =
div(pv®@v —p(v—u) ® (v —u)), (2.32a)

div (Z PawWa @ Wa — PaWa @ wa> = div (p(v —u) @ (v —u)). (2.32b)

In summary, an — equivalent — formulation of mixture balance laws (2.25) in terms of the
volume-averaged velocity is:

Op + div (pu%—z.]g) = 0, (2.33a)
) <pu+ZJg> + div <pu®u+ZJg®u

+u®ZJg+p—1ZJg®ZJg> — divT — pb = 0, (2.33b)
[e% (6% (6%

T-T' = 0. (2.33c)
The various forms presented in this section show that the set of balance laws, on both

constituent level (Section 2.2) and mixture level (Section 2.3), is invariant to the set of
fundamental variables.

13



We close this section with a remark on the kinetic and gravitational energies. According
to the first metaphysical principle of mixture theory, the kinetic and gravitational energies
of the mixture equal the summation of the constituent energies:

H =Y Ha, (2.34a)
G=> 9, (2.34b)
The kinetic energy of the mixture can be decomposed as:
- 1
H = Jif+za:§ﬁa||wa\|2, (2.35a)
_ 1 5
A = 5ollvIF, (2.35b)

where # represents the kinetic energy of the mixture variables, and where the other term
is the kinetic energy of the constituents utilizing the peculiar velocity. The second terms
may also be expressed in terms of volume-averaged quantities:

1. 1. _
Z §pa||WaH2 = Z §Pana —p! ZJZHZ (2.36)
«

« e

3 Constitutive modeling

This section details the development of constitutive models under the constraints of an
energy-dissipative postulate. First, Section 3.1 outlines the fundamental assumptions and
modeling choices. Next, Section 3.2 establishes the constitutive modeling restriction in-
troduced in Section 3.1, and Section 3.3 describes alternative modeling classes. Finally,
in Section 3.4, we select particular constitutive models that adhere to these established
restrictions.

3.1 Assumptions and modeling choices

Rather than using the complete set of balance laws as given in (2.18a), (2.18b), and (2.18c¢),
we limit our focus to the simplified subset:

Orpa + div(pav) + pytdivH, = p, Ca, (3.1a)
O(pv) + div (pv @ v) — divT — pb = 0, (3.1b)
T-17 = 0, (3.1c)

with H, := J4 + ja, where (3.1a) holds for constituents o = 1,...,N. At this point,
the system is comprised of the unknown quantities: volume fractions ¢, (a = 1,...,N),
where we recall the identity (2.4b), mass-averaged mixture velocity v, peculiar velocities

14



Jo (@ = 1,...,N), mass transfer terms (,,jo (@ = 1,...,N), and mixture stress T. In
order to close the system we seek for constitutive models for Ju, jo, (o and T. Seeking
for constitutive models for the peculiar velocities J, could be perceived as a simplification
procedure. Namely, substituting a constitutive model (in Section 3.4), in general, violates
the continuum mixture theory definitions (2.12). We discard these definitions (2.12) in
the following, but design models compatible with Lemma 2.4 and Lemma 2.5 to ensure
invariance with respect to the set of fundamental variables. Instead of working with N
velocities quantities v, the simplified system contains a single unknown velocity quantity
v and constitutive models for peculiar velocities J,. This is compatible with the structure
of the system: the full system is composed of N linear momentum (mixture) balance law
whereas the simplified system contains a single linear momentum balance law. Additionally,
we enforce the balance condition for the peculiar velocities (2.13a) and the mass transfer
terms (2.27a) as follows:

> J.=0, (3.2a)
> ja=0, (3.2b)
> la=0, (3.2¢)

where we recall the decomposition (2.19). The system (3.1) contains the unknown variables
v and ¢o (o = 1,...,N). We emphasize that the set {¢n},_; , is comprised of N —1
independent variables due to the summation condition (2.5b). As such, system (3.1) has a
degenerate nature; it contains N + 1 equations for N variables (we preclude (2.25¢) in this
count). Section 3.2 restores the balance by means of a Lagrange multiplier construction.

Remark 3.1 (Classification). The above assumptions lead to a model that includes N
constituent mass balance laws along with a single momentum balance law. According to the
classification by [44], this configuration aligns best with a class-1 model.

We adopt the well-known Coleman-Noll procedure [50] as a guiding principle to design
constitutive models. For this purpose we postulate the energy-dissipation law:

d
TE=V =2, (3.3)

satisfying & > 0. The total energy is comprised of the Helmholtz free energy, the kinetic
energy and the gravitational energy:

& = (U + 4 +9) dv. (3.4)
R(t)

In this context, R = R(t) C Q refers to a time-dependent control volume with volume
element dv and a unit outward normal v that is transported by the velocity field v. Ad-
ditionally, % represents a work rate term on the boundary OR(t) (with boundary element
da), and Z denotes the dissipation within the interior of R(t).
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Remark 3.2 (Energy-dissipation postulate). As mentioned in [23, /8], the energy-dissipation
statement (3.3) can be perceived as approximation of the second law of thermodynamics for
mixtures.

We postulate that the free energy to pertain to the constitutive class:

U= ({dayamr v (V0adamr ) (35)

and introduce the chemical potential quantities (a = 1,..., N):

] ]
4 — div 9

" 9a Voo

~

Ha

(3.6)

The volume fractions {@a},—; _y (and their gradients {V¢a},_; ) are not independent
quantities due to the saturation constraint (2.5b). One may consider (3.5) and (3.6) subject
to the summation constraint (2.5b), or postpone enforcing it to the introduction of the
Lagrange multiplier. In the latter case (3.5) and (3.6) are obviously well-defined, while we
discuss some implications of the former case. As such, when considering the summation
constraint (2.5b), the chemical potentials are individually arbitrary. For example, addition
of the term (1 — )" ¢4) to ¥ does not alter it, but it modifies the chemical potentials fiq.

Remark 3.3 (Reduced free energy class). Instead of utilizing the class (3.5), one can also
directly enforce the summation constraint (2.5b) to arrive at a class with reduced depen-
dency. In general, this breaks the symmetry of the approach, and therefore we do not adopt
this alternative here. We discuss this option in Appendiz A.

Remark 3.4 (Concentration-dependent free energy class). One can also work with a con-
stituent class that depends on concentration quantities. We discuss this option in Section 3.3.

3.2 Modeling restriction

Moving forward, we study in detail the restriction (3.3). First, we analyze the evolution of
the energy (3.4). Through the application of the Reynolds transport theorem to the free
energy W, we have:

4 ¥ dv = / o0 dv +/ v - v da. (3.7)
dt Jr) R() OR(t)

We notice that the summation constraint (2.5b) does not alter the derivative of the free
energy class (3.5).

Lemma 3.5 (Derivative of the free energy). The derivative of the free energy class (3.5) is
given by:

X o o
dv = —doa ——d a)s 3.8
Za:a¢a¢+za:w% (Véa) (38)
where d is the derivative operator.
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Proof. See Lemma A.2. O

Invoking Lemma 3.5 and the divergence theorem yields:

d A / A ov
— U do = ¥ divv + (Vo) do. 3.9
dt Jr) R(1) 2@: 960" Z 8 (3.9)
Integrating by parts provides:
d X / X , ov
— U do = v divv + faPa — Vo ® : Vv dv
dt Jr) R(t) %: %: Vo
.oV
+/ Po—— v da, 3.10
OR(1) Za: OV ¢4 (3.10)
where we have substituted the identity
(V) = V(1) — (V)T Vv (3.11)

for P = ¢o. An analysis of the free energy terms confirms their well-defined nature.

Lemma 3.6 (Well-defined free energy terms). The following free energy terms in (3.10)
are well-defined:

Zma, Z Voo © Z w = (3.12)

Proof. See Lemma A.3. O
Substituting the constituent mass balance laws (3.1a) provides:

d

— U dy = / U divv + B (—Padivy — pgldivHa + p(;lga
dt Jr) R() Z ( )

_Zv% av% Vvdv+/aR Z%av% v da, (3.13)

where we recall H, = J, + jo. By again applying integration by parts one can infer that:

%/ Z\Tf dv = / \I/dIVV—Z,ua(baleV—i-ZV Po ,ua -H,
R() "o (t)

- Z Voo ® : Vv + Z patiiala dv
Ong

ba=——— — patiicHy | - v da. 3.14
+/8R(t)za:<¢ G, Pk >V a (3.14)



Next, the evolution of the kinetic and gravitational energies take the form (see [23] for
details):

4 Ji/dv:/ —Vv:T—l—pV-gdv—i—/ v - Tv da, (3.15a)
dt Jr) R(#) OR ()
4 G dv= — / pv - g dv. (3.15b)
dt Jr) R()

The superposition of (3.14) and (3.15) provides the evolution of the total energy:

d T 1 oV
dtg /(973 < T- Z <pa foHo — ¢aav¢a>> ‘v da

o ) X .
—/R(t) <T+Zv¢a®a—v¢a + <za:,ua¢a_\ll> I) :Vv

+Z V(o' fra) - Ho = pi* frata) dv. (3.16)

As aforementioned in Section 3.1, the system of balance laws (3.1) subject the balance
conditions (3.2) is degenerate. Namely, the terms Vv, H,, and (, are connected via (2.29b).
This manifests itself in the energy dissipation statement (3.16). The degeneracy needs to
be eliminated in order to exploit the energy-dissipation condition as a guiding principle for
constitutive modeling. To this purpose we enforce (2.29b) with the Lagrange multiplier
construction:

0=\ <divv + Zp;1V -H, — ZP;1C04> ) (3.17)

where A is the scalar Lagrange multiplier.

Remark 3.7 (Lagrange multiplier constraint). Recalling Lemma 2.4, we observe that the
Lagrange multiplier \ enforces the constraint (2.29¢c). As such, in absence of mass transfer
(Yo =0, a=1,...,N), it constrains divu = 0.

Integrating (3.17) over R(t) and subtracting the result from (3.16) provides:

d . o0
—& = / vIiT — Hy — 60— -v da
dt Jor < 2 <g ’ W%))

ofeeagene (g o))

+ Z _Vga gy — ga(a) v, (3'18)
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where we have utilized Gaufl divergence theorem, and where we have defined the (general-
ized) chemical potential quantities:

Go = P flas (3.19a)
flox = fia + A. (3.19b)

We identify the rate of work and the dissipation respectively as:

.o
W = viT — JgoHo — po=— - v da, 3.20a
OR(?) < 2@: < 8V¢a>> (3.20a)
9 = T+M+)» V¢ ®ﬂ+ > oo — V|1 : Vv
= - 8 o OV - HaPa :
+ Z (_VQQ -H, — gaCa) dv. (3.20b)

Given the arbitrary nature of the control volume R = R(t), the fulfillment of the energy
dissipation law is contingent upon satisfying the local inequality:

<T+AI+ZV%®%+ <Zﬂa¢a—@> I) Vv
= Vo Ha =) gala >0. (3.21)

Remark 3.8 (Compatibility with continuum mixture theory). This section has demon-
strated that the energy dissipation postulate (3.3) is fulfilled when the local inequality (3.21)
is satisfied. As mentioned in Remark 3.2, the energy dissipation postulate is an approz-
imation of the second law of mixture theory. However, we emphasize that the presented
derivations are fully compatible with continuum mixture theory.

We finalize this section with a remark on the connection between the chemical potentials
and the Lagrange multiplier. Recalling the saturation constraint (2.5b), we recognize:

A+ Z :aoz(ba = Z /la,)\(ba- (322)

This observation reveals that chemical potentials in (3.21) solely occur in the form fi, ». In
other words, the chemical potentials fi, are tightly connected with the Lagrange multiplier
A. This is consistent with the examination that the addition of ) ¢, — 1 does not alter
the free energy. Indeed, we have:

V= i’ ({gba}a:l,...,N ) {v¢a}a:1,...,N> + A <Z ¢Oé - 1> ) (323)

19



and the associated chemical potential quantities (« = 1,..., N) naturally include the La-
grange multiplier A:

ov . ov

ﬂa)\:—_d

8¢a 1Vm, (324)

where we recall (3.19b).

3.3 Alternative free energy classes

As mentioned in Remark 3.4, as an alternative for (3.5), we explore the approach of working
with a class that depends on concentration. This exploration is motivated by its occurrence
in the literature on two-phase models (e.g. [16]). We consider the following constitutive
class:

U=U ({ca} ’ {vca}) ’ (3'25)

subject to the summation constraint (2.5a). Alongside with free energy class (3.25) we
introduce the chemical potential quantities (aw =1, ..., N):
L o

0= — —di .
H Ocg, 1V(9Vca

(3.26)

In Appendix C we provide the derivation of the modeling restriction that emerges from the
constitutive class (3.25). The modeling restriction takes the form:

. W .
<T+AI+ZW(X®83W—\I/I> Vv

(67

>V (p  a+pa" ) Ho = > (o ia + patA) Ca > 0, (3.27)

«

where \ is the Lagrange multiplier associated with the constraint (2.29b). Noting that the
volume fractions and concentrations are connected via (2.7):

Pa = Pa ({Cﬁ}) ) (3.28a)
cg = cg ({da}) (3.28b)

the identification
U ({¢a}) = ¥ ({cs}) (3.29)

reveals that the free energy classes coincide. Given that the initial modeling restriction
is the same for both classes we conclude that the resulting modeling restrictions must
coincide as well. In other words, the modeling restriction is independent of the choice of
order parameters.
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Theorem 3.9 (Equivalence of modeling restrictions). The modeling restrictions (3.21) and
(3.27) are equivalent.

An alternative path to show equivalence of the modeling restrictions, one could apply
the variable transformation (3.28) defined in (2.7) to show that (3.27) coincides with (3.21).
We discuss this approach in Appendix B.

Guided by Theorem 3.9, we proceed with the formulation of the modeling restriction
presented in (3.21).

3.4 Selection of constitutive models

By means of the Colemann-Noll concept, we utilize (3.21) as a guiding principle to design
constitutive models. Inspired by the specific form of the constraint (3.21), we restrict
ourselves to mixture stress tensors T, constituent peculiar velocities J,, and constituent
mass transfer terms j,, (,, that belong to the constitutive classes:

T = T (VV’ {¢a} s {v¢a} s {ga} 5 {Vga}) 5 (3'30a)
Jo = joz ({(ba} ’ {v.ga}) ’ (3'3Ob)
joz = joz ({(ba} ) {v.goz}) ) (3'30C)

)

Ca = CAa ({Qba} > {ga}) ) (3.30d

and define H, = J, —i—ja. Generally speaking, the introduction of the class (3.30b) deviates
from continuum mixture theory. Arguably, a natural approximation is simply taking J a=0,
which, for instance, models the situation of matching velocities v, = vg. We return to this
case in Section 4.2.

We do not seek the most complete constitutive theory, rather our goal is to find a set
of practical constitutive models compatible with (3.21). To this end, we aim to identify
constitutive models (3.30) so that all three terms in (3.21) are positive, which occurs when:

(T +) Voo ® aav% + <Z flarba — \If) I) Vv >0, (3.31a)

> Vga-Ja =0, (3.31D)
> Vgaja =0, (3.31¢)
> gala = 0. (3.31d)

Remark 3.10 (Onsager reciprocal relations). As mentioned above, our objective is to find
a set of practical constitutive models. A more complete theory follows from working with the
original constraint (3.21), and extending the dependency of the classes (3.30). In particu-
lar, the classes may be interconnected. The well-known Onsager reciprocal relations take a
central place in this framework. We refer to [51, 52].
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In the following we provide constitutive models for the mixture stress tensor, constituent
peculiar velocities, and constituent mass transfer, respectively.

Mixture stress tensor. We select the following constitutive model for the stress tensor:

— Z Vo ® (Z fraxta — ) I+ v(2V3v + A(divv)I), (3.32)

subject to the symmetry condition:

ov o
Voa® 550~ = avon

® Vo, (3.33)

where the scalar field v > 0 is the mixture dynamic viscosity, A > —2/d is a scalar, and
d is the number of dimensions. Possible choices for the mixture viscosity include v =
Y oaVada and v = > VaCq, where v, are constituent viscosities. The condition (3.33)
ensures compatibility with the angular momentum constraint (2.25c¢).

Lemma 3.11 (Compatibility mixture stress tensor). The mixture stress tensor (3.32) ad-
heres to the constraint (3.31a).

Proof. An elementary calculation gives:
T+) Vo ®ﬂ+ > flaade =¥ |I| Vv =
. o Onga - Mo Pao . =
1 .. 1 . T, 2 N2
2v (Vv — E(leV)I | Vv — E(leV)I +rv{A+ p (divv)® > 0. (3.34)

O

Constituent peculiar velocities. We choose the peculiar velocities of the form:

= - MgV, (3.35)
5

with mobility tensor M3 = Mpg,. The mobility tensor is positive definite (ngagyﬁ >
0 for all y, € RYa = 1,...,N), has the same dependencies as (3.31b), is compatible
with > Mag = > Mg, =0 for all 3 =1,.., N, and vanishes in the single fluid region
Mguglg,=1 = 0,7 = 1,..., N (thus is degenerate). We note that the symmetry requirement
follows from the Onsager reciprocal relations, the positive definiteness from (3.31b), and
the zero sum of rows and columns from (3.2a). A possible choice for the mobility tensor is
M3 = —Mopapg for a # B, and Mao = Mopq Z%ﬁa p~ for some My that is not dependent
on the constituent number.
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Remark 3.12 (Lagrange multiplier in constituent peculiar velocities). In most incompress-
ible N-phase models, the Lagrange multiplier A does not explicitly appear in the constituent
peculiar velocities ja, whereas in the proposed framework, it appears as a component of ga.
Notably, when all constituent densities are identical (po = p for o« =1,...,N ), the Lagrange
multiplier vanishes, yielding the relation: go — g5 = p~*(fla — fip)-

Lemma 3.13 (Compatibility constituent peculiar velocities). The choice (3.35) aligns with
both the balance (2.13), and the restriction (3.31b).

Constituent diffusive flur. Analogously to the constituent peculiar velocities, we select:
Jo=-> KasVys, (3.36)
B

for some positive definite constitutive tensor K,3 = Kg, compatible with > K,z =
> o Kgo = 0, with the same dependencies as (3.30c), and vanishes in the single fluid region
Kaglg,=1 = 0,7 = 1,..., N. Similarly as for the peculiar velocity, a possible choice for the
mobility tensor is Ky = —Kopapp for a # 3, and Koq = Kopa Zwﬁa p~ for some K that
is not dependent on the constituent number.

Lemma 3.14 (Compatibility constituent diffusive fluxes). The choice (3.36) aligns with
both the balance (2.28b), and the restriction (3.31c).

Constituent mass transfer. We select the constituent mass transfer terms analogously to
the constituent peculiar velocities:

Ca == Mapgs: (3.37)
5

where the positive definite scalar mobility m,g = mg, has the same dependencies as (3.30d),
is compatible with ) map = >, mge = 0, vanishes in the single fluid region magly, =1 =
0,y=1,...,N.

Lemma 3.15 (Compatibility mass transfer). The choice (3.37) is compatible with the bal-
ance of mass supply (2.27b), and the constraint (3.31d).

Remark 3.16 (Related constitutive models). In the case:

M, = {—MQBA ifa# B, (3.38)
ny;éa Maﬂ/ if =83,

for some symmetric Maﬁ, we find:

Jo= =) MasViis — MaaViia
B#a
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= > MasViig = ) Mo, Vjia
B#a Y#a
= = > MapV(jia — f1g). (3.39)
B

This model matches (for the isotropic case Myg = Mygl) that of [48]. It also closely
resembles the form adopted in [26]. Both closure models involve the Lagrange multiplier \;
a difference lies in fact that the model proposed by [26] depends on the numbering of the
constituents. Finally, we note that forms similar to (3.39) may be adopted for the diffusive
fluxes and the mass transfer terms.

This finalizes the construction of constitutive models compatible with the imposed
energy-dissipative postulate. Substitution of the models (3.32), (3.35), and (3.37) yields
the class of incompressible N-phase models:

O(pv) +div (pv @ v) + VA

+div ((Z fiao = \If) I %: Voo ® 8@‘{;@)

«

—div (v(2V*v + A(divv)I)) — pg = 0, (3.40a)
Ot + div(pav) + pgldivja + p(;ldivja — fa =0, (3.40b)
ov ov
o — —— 4 di - 4

fioy 96, + div <0V¢a> 0, (3.40c)
Jo+> MasVgs =0, (3.40d)

B
o+ KasVgs =0, (3.40e)

B
Cat D Masgs =0. (3.40f)

B

Formulation (3.40) constitutes a class of models in the sense that particular closure relations
(Mgg, Kop and mqg) need to be specified. Given these relations, for each specification
of the free energy W, (3.40) is a well-defined closed model; this model is invariant to the
renumbering of the constituents, invariant to the set of independent variables, and reduction-
consistent. Additionally, it exhibits energy-dissipation, which we explicitly state in the
following theorem.

Theorem 3.17 (Compatibility energy dissipation). The model (3.40) is compatible with
the energy dissipation condition (3.3).

Proof. This follows from Lemma 3.11, Lemma 3.13, and Lemma 3.15. In particular, the
dissipation takes the form:

9 = 2v (st - l(divv)I) : <st - 1(diVV)I> +v <)\ + 2) (divv)?
R(t) d d d
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+3 (Vga) BasVgs + Y mMaggags dv > 0, (3.41)
a7/3 a76

with Baﬁ = Maﬁ + Kaﬁ- |

4 Model characteristics

In this section, we explore the characteristics of the modeling framework outlined in Section 3.
To this end, we discuss alternative — equivalent — formulations in Section 4.1. We present the
case of matching velocities in Section 4.2. Subsequently, Section 4.3 details the equilibrium
characteristics.

4.1 Alternative formulations

As discussed in Sections 2 and 3, the unified modeling framework outlined in these sections
is invariant to the choice of variables. However, it is worthwhile to discuss some of the
formulations that are associated with particular variables.

First, we note that one can identify a pressure quantity in the model as:

Pi= fiaba — V. (4.1)
With this choice, the model takes the more compact form:
O (pv) +div (pv @ v) + V(A + p) + div Zng ®ﬂ
L (p p p d 5 5N
—div (v(2V*®v + A(divv)I)) — pg = 0, (4.2a)
Oy be + div(pav) + p; 'divH, — (= 0. (4.2b)

In accordance with the first metaphysical principle of continuum mixture theory, the
mixture free energy is comprised of constituent free energies:

U=> U, (4.3)

where W, are the volume-measure constituent free energies. Utilizing (4.3) we observe that
the pressure satisfies Dalton’s law:

p= Zpaa (4'4a)

Pa = ﬂa(ﬁa - \i}aa (4-4b)
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where p, is the partial pressure of constituent . Thus, the split (4.3) reveals that the
system may be written as:

> (@(pgv) +div (psv ® V) + d5VA + Vs — ps8

B
+ div (Z Vo, ® ;V\Il;: >> —div (v(2V*®v + A(divv)I)) = 0, (4.5a)
Oyt + div(pav) + pg divH, — (= 0. (4.5b)

An alternative compact form is obtained with the aid of the following lemma.

Lemma 4.1 (Identity free energy). The free energy contributions collapse into:

((Zua%— >I+ZV¢a aw») Z%wa (4.6)

Proof. See Lemma A.4. O

Invoking Lemma 4.1, model (3.40) takes a more compact form:
O(pv) +div(pv®@v) + VA + Z bVl
—div (v(2V*v + A(divv)I)) — pg = 0, (4.7a)
Do + div(pav) + p5 tdivH, — (4 = 0. (4.7b)

Considering the third and fourth term in the momentum equation in isolation, these can
be written as:

VA + Z GaVila = Z ¢av(A + ﬂa) - Z PaVga- (4'8)

Similarly, in the mass balance (4.7b), we observe that the chemical potentials /i, and the
Lagrange multiplier A appear solely as a sum via g,.

Additionally, we note that the model can alternatively be written in a form that more
closely links to existing phase-field models:

O(pv) +div (pv @ v) + VA + Z $Viig

B
—div (V(QVSV + S\(divv)I)) —pg= 0, (4.9a)
Op + div(pv) = 0, (4.9b)
Dy + div(dav) + p5 tdivH, — p51Ca = 0, (4.9¢)
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for « = 1,..., N — 1. We note that the combination of the mixture mass balance (4.9b) and
the N — 1 constituent balance laws (4.9¢) are equivalent to the N balance laws (4.5b) or N
balance laws (4.9¢).

While we refrain from discussing formulations that adopt concentration variables, we
discuss a formulation in terms of the volume-averaged velocity u. Inserting the constitutive
model for the peculiar velocities (3.35) into Lemma 2.4 we obtain:

v :u+pflzjg. (4.10)
B

By substituting this identity, we express the model using the volume-averaged velocity:

O pu—l—ng + div pu®u+ng®u

8 B
+ued Jg+p 1> TEe > Jh | +VA+ D 65V
8 8 8 8
—div | v | 2V? u—|—,0_1ng + Adiv u—|—p_1ng I = 0, (4.11a)
B 5
Dy + div (¢pqu) + divh® + p3tdivie — pi e = 0. (4.11b)
Recalling (2.29¢), we have:
divu =Y " p;' (o — divia), (4.12)
«

where the right-hand side vanishes when densities match or mass transfer is absent. Ar-
guably, the formulation (4.11) is rather involved. We discuss a simplification in the next
subsection.

4.2 Matching velocities

We consider the case in which the peculiar velocities are zero; taking M,z = 0, we find:

Jo=h,=J"=h"=0. (4.13)

u
[0 (0%
As a consequence the mass-averaged and volume-averaged velocities are equal:
v=u (4.14)

This choice models the situation where the constituent velocities are matching. We explicitly
state the simplified formulations of the model:

O(pv) +div (pv @ v) + VA + Z ®Viig
B
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—div (v(2V°v + A(divv)I)) — pg = 0, (4.15a)
Oyt + div(dav) + pa divije — patla = 0. (4.15b)

and obviously:

O(pu) +div (pu @ u) + VA + Z ®sViig

5
—div (v(2V*u + A(divu)I)) — pg = 0, (4.16a)
Dyt + div(pau) + p divje — paila = 0. (4.16b)

The formulation (4.16) demonstrates that a simplified — consistent — model in terms of the
volume-averaged velocity involves a straightforward momentum equation. We emphasize
that the volume-averaged velocity u is in general not divergence-free (recall (2.29¢)).

4.3 Equilibrium conditions

We utilize formulation (4.7) to study equilibrium properties. We characterize the set equi-
librium solutions {qpr = (VE, ¢a,E, A\E, lta,r)} Oof (4.7) as stationary solutions subject to
boundary conditions for which the dissipation vanishes: Z(qg) = 0. Invoking (3.41) yields
the conditions:

1 1
<VSVE - E(diVVE)I> : <VSVE — E(diVVE)I> =0, (4.17a)
2
<)\E + 3) (divvg)? = 0, (4.17b)
Z (Vo) BuprVysr = 0, (4.17c)
a7ﬁ
ngﬁ,EgavEgBE =0, (4.17d)
a76

in 2, where B,g = M3 + K3, and where the subscript E denotes the equilibrium config-
uration of the quantity. We deduce from (4.17a)-(4.17b) that vg are rigid body motions.
Simplifying the analysis, we take vg = 0, which causes the inertia terms to vanish. Ad-
ditionally, we assume the absence of gravitational forces (g = 0). Substituting into the
momentum equation (4.7a) provides:

VA + Y bapViip = 0. (4.18)

Recalling (4.8) we deduce:

> hopVGaz =0. (4.19)
[0

28



Next, from (4.17c) we deduce that Vg lies in the null space of Bg in the sense 5 Bag Vs p =
0 (¢ = 1,...,N), and hence Jo g + jo,g = 0 in equilibrium. In the special case B,g =
—Bopaps for a # 3, and Boo = Bopa Z,ﬁéa p~ for some By that does not depend on pq,
a =1,...,N, this coincides with (4.19). Similarly, (4.17d) provides ZB mag,E98,E = 0, and

hence Cop =0 (a0 =1,..., N).

5 Connections to existing models

This section provides connections with existing models. First, we discuss the binary-phase
situation in Section 5.1. Next, in Section 5.2 we compare the framework with the model of
[28]. Finally, Section 5.3 discusses the link to a model with N-momentum equations.

5.1 Binary-phase case

In this section we restrict to binary mixtures (o = 1,2), and compare with the framework
presented in [23]. A formulation of this two-phase modeling framework is:

O (pv) +div (pv @ v) + VA + ¢V i — div (v(2V°v + A(divv)I)) — pg = 0, (5.1a)
Op + div(pv) = 0. (5.1b)
8y + div(¢v) — div (Mv (i + w)\)) + i (n + wx) — 0. (5.1c)

Here ¢ is the phase-field quantity defined as the difference between volume fractions:

¢ = o1 — 92, (5.2)
where we recall ¢1 + ¢ = 1. The chemical potential quantity is defined as:
ov ov
b= — —di ) 5.3

Finally, the quantity w is w = (p; ' —p31)/(py " +p3'). On the other hand, the model (4.7)
takes for binary mixtures the following form:

O(pv) +div (pv @ v) + VA + ¢1 Vi + ¢2Viia

—div (v(2V*v + A(divv)I)) — pg = 0, (5.4a)
1 + div(prv) — pytdiv (MV (g1 — g2)) + py m (91 — g2) = 0, (5.4b)
Drpa + div(dav) — py 'div (MV (g2 — 1)) + p3 'm (92 — 91) = 0, (5.4c)

where M = M5 = My and m = mi2 = mo1. By means of variable transformation, we aim
to express the model in terms of the quantities of model (5.1). The mass balance equations
(5.4b) and (5.4c) can be written as:

06+ div(gv) — div ((pr " + p3 IMV (91 — g2)) + (o1 "+ p3 )m (g1 —g2) = 0, (5.5a)
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Op +div(pv) = 0. (5.5b)

With the aim of comparing the two models, we select the relations M = (o7 4 pH)*M
and 1m0 = (p; ! + py 1)?m, which converts (5.5a) into:

8 + div(¢v) — div (Mv (i + w)\)> (i w)) = 0, (5.6)

with i1 = (p7 ' + py 1) oy 1 — py pe). As a consequence, in case the following identities
hold:

$1Viin + ¢2Vie = ¢V i, (5.7a)
=i, (5.7b)

we find that (5.4) coincides with (5.1). This is in general not the case, i.e. in general the two
models do not match®. There are however specific situations in which the models coincide,
for instance when p; + p2 = 0 and i = p3 = —pg. These conditions are inspired by the
chain rule for chemical potentials, where ¢ = @(¢1,¢2) = @1 — @2 so that d¢/dp; = 1,
0p/0¢py = —1 of (5.2).

5.2 N-phase model Dong (2018)
The N-phase incompressible model proposed by [28] is given by

p(Bu+u-Vu)+J - Vu+ VXN —div (/' V°u)

ov’
di Voo ® —— | =0, 58
+ 3 (00 i) (550
divu = 0, (5.8b)

ov’ ov’
Oide +u- Voo — > di ( 'av<——d' ( ))):0, 5.8
i do +u- Vo Zﬁ: N 903 iv ) (5.8¢)

for « = 1,..., N, where X is the Lagrange multiplier pressure, v/ is the dynamic viscosity,
U’ is the free energy, J’ is the peculiar velocity, and m’aﬁ is the mobility. For the purpose
of comparing the model (5.8) to the proposed framework, we define the chemical potential:

, oV [ ow
o= 5, (35877) 9

Invoking Lemma 4.1, we rewrite the model (5.8) as:

p(@u+u-Vu)+J - Vu+ VN + Z $a Vi, — div (V'Vu) = 0, (5.10a)
B

3An N-phase theory that reduces to existing two-phase models emerges when working with N — 1 order
parameters ¢q, rather than the current case of N order parameters ¢q
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diva = 0, (5.10D)
Do +u- Voo — > div (mps Vi) = 0, (5.10¢)
B

with

N=XN4+0 = pap, (5.11)

This model (5.10) is not compatible with the framework proposed in the current paper. In
particular, comparing (5.10) with (4.11), we observe that:

e model (5.10) does not contain each of the peculiar velocity terms in the momentum
equation; this applies to both inertia and viscous terms;

e model (5.10) does not include mass transfer terms;

e the constitutive model for the diffusive flux in (5.10) is different; in particular the
Lagrange multiplier is absent. As a consequence, the equilibrium conditions are dif-
ferent.

5.3 Class-1I mixture model

We compare the proposed unified modeling framework with an incompressible mixture
model presented in [48]:

OiPa + div(Pava) + Zmag Jo — G5) = 0, (5.12a)

Ot(Ppava) + div (pavae @ Vo) + 0oV (5\
—div (7 (297 + A dlvva)>

+_ Rap(Va — vg) + 22%5 95)(Va +vg) = 0, (5.12b)
E

for constituents « = 1,..., N. Here v,, is the constituent velocity, Aisa Lagrange multiplier,7,

the constituent dynamical viscosity, Ao > 2/d, V*v, the constituent symmetric velocity gra-
dient, and 7,5 and R, are symmetric matrices (for the properties see [48]). This model
considers the free energy class:

U= ) ¥, (5.13a)
(0%

Uy = Uy (fa, Vo) . (5.13b)
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The associated constituent chemical potentials are defined as:
.Y, N v,
= — div )
He Bga T OV0a

(5.14)

and go = ﬂ;l(ﬂa +A).

Inserting the class (5.13) into the proposed modeling framework, we find fiq, = fiq-
Additionally, we identify A= A; consequently G, = go- In contrast to the unified modeling
framework presented in the current paper, this model is comprised of N mass balance
equations, and N momentum balance equations. As such, we compare the N mass balance
laws, and the single mixture momentum balance law of the models. Starting with the mass
balance laws, (5.12a) can be written as:

Ot + div(gav) + pytdivIy + po e = 0, (5.15a)
Yo = Y _1ap(fa — Gs) = 0. (5.15b)
B

This form is very similar to (4.7b); the key difference is that the peculiar velocity J,
governed by a constitutive model J, = J,, in the current paper, whereas in (5.12) it follows

from the constitutive velocities. With the identification mq,3 = —mag for a # 3 and
Mo = Dz May for o = B (similar to Remark 3.16) the mass transfer terms match
(except for the difference j, = 0 in (4.7b)). Focusing on the momentum balance laws,

addition of (5.12b) provides:

Or(pv) +div (v & V) + > 6aV (A + ia)

—div <Z Vg (QVSV + iadivv)> — pb

«

—div (Z Uy, (2V$wa + iadivwa> — Zﬁawa ® Wa> =0, (5.16)

«

where we have adopted the identities:

Zﬁava QVy = pv®v+Zﬁawa®wa, (5.17a)
« «

S (QVSVQ n iadivva) =3 v (2vsv + iadivv>

«

+3 v <2sza + iadivwa) . (5.17b)

With the identifications v = Za Vg and \ = j\a the first two lines match the momentum
equation (4.7a). The last line in (5.16) consists of terms that are absent in (4.7a). This is a
direct consequence of energy-dissipation law (3.3) and the introduction of the model J,, = Jo
in (3.30b). In the case of matching constitutive velocities, as described in Section 4.2, these
terms vanish.
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6 Conclusion and outlook

This paper presents a unified framework for N-phase Navier-Stokes Cahn-Hilliard Allen-
Cahn mixture models with non-matching densities. The framework finds its roots in contin-
uum mixture theory, which serves as a fundamental guiding principle for designing multi-
physics models at large. The unified framework proposes a (phase-field) system of N mass
balance laws, and 1 momentum balance law, that is invariant to the set of fundamental
variables, has an energy-dissipative structure, is reduction-consistent, symmetric with re-
spect to the numbering of the phases, and provides well-defined equilibrium solutions. More
specifically, we draw the following conclusions:

e The form of the balance laws is invariant to the set of fundamental variables; at both
the constituent and mixture levels (Sections 2.2 and 2.3).

e The free energy class depends on all volume fractions (and their gradients) (Sections 3.1
and 3.2); this provides symmetry with respect to the numbering of the constituents.

e Chemical potentials are tightly connected to the Lagrange multiplier that enforces
volume conservation; these quantities occur only as superposition (Section 3.2).

e The unified framework is invariant to the set of independent variables; both before
and after constitutive modeling (Sections 3.3 and 3.4).

e Constitutive quantities are such that the resulting model exhibits energy-dissipation
(Section 3.4).

e Consistency with the single-phase equations requires mobility quantities to be degen-
erate (Section 3.4).

e Equilibrium solutions are determined by a balance of (generalized) chemical potentials
(see Section 4.3).

e In the binary case, the framework does, in general, not coincide with existing two-
phase models (see Section 5.1). Furthermore, the framework is closely connected to a
class-IT model (see Section 5.3), and the model of [28] does not fit into the framework
(see Section 5.2).

While the proposed unified framework offers insight into the modeling of N-phase flows,
we do not claim that it is complete. Therefore, we delineate potential future research
directions. First, it is important to study the implications of the particular form of the
free energy model, such as equilibrium characteristics, and Ostwald ripening phenomena
(see e.g. [53]). To this purpose, we acknowledge the existence of numerous N-phase free
energy closure models (see e.g. [38]. Second, it is essential to investigate the sharp interface
asymptotic behavior (e.g. jump conditions at interfaces) for particular closure models. The
last point concerns the design of (property-preserving) numerical schemes. Details of N-
phase computations will be presented elsewhere; however, we provide some considerations
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here. First, a numerical simulation requires specification of the free energy (as mentioned
above). It is hereby important to take (4.3) into account to ensure applicability to a
general number of constituents. A second consideration concerns the choice of fundamental
variables. Although the framework remains invariant to the choice of variables (e.g., using
a mass-averaged (1.1) or volume-averaged velocity (1.2)), certain selections may be more
advantageous for designing property-preserving numerical methods. Next, although the
proposed system is fully symmetric with respect to the set of variables, in the numerical
solution there are at least two roads one can pursue; (i) work with N — 1 volume fractions
and compute the N-th volume fraction from the others, or (ii) work with the full set of
volume fractions and enforce the saturation constraint. In the second case, the saturation
constraint could be enforced via (2.29b), so that the system of equations becomes:

O(pv) + div (pv @ v) + Z $5V (g + A) — div (1(2V°v + A(divv)I)) — pb = 0, (6.1a)
B
Dyt + div(pav) + p5tdiv(Hy) — pa'la = 0, (6.1b)

divv +> p5'V-Hg—> p5'és =0, (6.1c)
8 8

with H, = — Zﬁ B.sVys, fa = — Zﬁ mag9s, where the mass-averaged velocity is adopted.
When working with the mass- averaged velocity, the terms H, =J, —i—ja may be modeled
together rather than determining J, and j jo independently. In contrast, within the volume-
averaged velocity formulation of the model, these terms serve a distinct role. Taking j, = 0
and (, = 0, « = 1,..., N then provides a divergence-free velocity. Finally, the model can
accommodate large differences in specific densities between constituents. Ensuring this
property in the fully discrete case requires a robust numerical method.

A Reduced free energy class, and proofs

We briefly discuss the free energy class with reduced dependency:

U= 0O ({9atass AVBatars) (A1)

where the constituent number 8 € {1, ..., N} is fixed, and where both {¢a},.5 and {Va }, .5
consist of independent variables. The class (A.1) is connected to (3.5) via the identification:

U= ({¢atars:l =Y ba:{Véatars:— Y Voo
a8 a#fB

= V) ({Bataps {Vbatars) - (A.2)
The associated chemical potentials take the form:

v(8 v(8
ﬁ(ﬁ) _ ow ) —diva\p( ).
“ 0pq OV ¢
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Lemma A.1 (Chemical potentials reduced class). The chemical potentials of the reduced
class may be expressed as

i

= fla — fip- (A.4)
Proof. Direct evaluation of the partial derivatives provides:

oud oW 0¥ dgs 0¥ 0¥

- = — , A.5a
8¢a 8¢a 8¢B a¢o¢ a¢o¢ 3¢5 ( )
b () i i i i
ov _ ov . oV O¢s _ ov _ ov . (A.5b)
OVopo OV, OVog0p, OVo, OVg
The linearity of the divergence operator concludes the proof. O

Lemma A.2 (Derivative of the free energy). The derivative of the free energy class (3.5)
s given by:

Z£d¢a 32 4w, (A.6)

where d is the derivative operator.

Proof. Inserting (A.5), the derivative of ¥ takes the form

. A B
_ad8) _
d¥ = dv¥ _(;30% Zawa
o 9V ov o
g;;(a% 8¢> Z OV¢o OVog
- —d(Vq
5 Gocdon+ 3 g dve
Z Ao — 5o Zd Véa)
a% 8V¢ =
o ov
= « V a —d \V4
g;; % de +Zw% Pa) + 55,498 + gy g-d(Ves)
ov
= Za¢ Q+Zaw d(Véa), (A1)

where we have invoked ) d¢, = 0 and ) d(V¢,) = 0. The latter expression matches
the unconstrained derivative.

O

35



Lemma A.3 (Well-defined free energy terms). The following free energy terms in (3.10)
are well-defined:

D itabes D Véa® i S s (A8)

Proof. If the constraint (2.5b) is not enforced, the terms are obviously well-defined. We show
that the first term subject to (2.5b) is well-defined; the others follow similarly. Utilizing
an argumentation analogously to that of the proof of Lemma A.2, we have the sequence of
identities:

Z ﬂa(ba = Z /la(ba + ﬂﬁéﬁ
a a#p
= Z /la(ba - /15 Z (ba
a#fB a#fB

= > (fia — f13) $a

a#f

= ZM )(bom (AQ)
o

where we have utilized Lemma A.1 in the last identity, where we have invoked ) ¢ = 1.
Since the latter expression is well-defined, so is the initial one. O

Lemma A.4 (Free energy identity). The following identity holds:

Z oV =V <Z baflo — xp) + div (Z Vo @ 8@2&) (A.10)

Proof. Expanding the derivatives of the right-hand size term yields:

oV oW
- Zwadw <0V¢ ) + Za: (Hoq) oo

Z $aVia — VI + Z Voo 2L (A.11)

aqsa Z aw»a

where H¢,, is the hessian of ¢,. Observing that the sum of the latter three terms in the
final expression in (A.11) vanishes completes the proof. O
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B Equivalence of modeling restrictions

This section discusses the equivalence of the restrictions (3.21) and (3.27) via variable
transformation.
First, we recall the variable transformation (2.7):

-1

Ca cs Ca
b= () 2y, (B.12)
" pa ZB: Pp Po
-1
Ca = Pada Z Pﬁ@bﬁ = pa¢ap_1, (B-lb)
B

where we note:
-1

b (B.2a)

-1

PBPB ; (B.2b)

fora=1,...,N.
Lemma B.1 (Invertibility transformation maps). The maps (B.1) are not invertible.

Proof. A straightforward evaluation provides the elements of the Jacobian mappings:

o _ _

gﬁ = pp5" (6ag — peary’) (B.3a)
dc _ _

ﬁ =p"'ps (0ap — P~ ' Bppa) ; (B.3b)

where 0,3 is the kroneckerdelta. Summation over § = 1,..., N yields:

0bs _
Z Be. = (B.4a)

(905
Z 3o = (B.4b)

Hence, each of the columns of the Jacobian sums to zero. Thus the columns are linearly
dependent, and consequently the determinants of the both mappings vanish:

O0dp

det—=
¢ Ocg,

=0, (B.5a)
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det— = 0. (B.5b)

Next, we recall the chain rule for the chemical potential.

Lemma B.2 (Chain rule chemical potentials). We have the chain rule for chemical poten-
tials:

9¢
fia = Zuﬁ e (B.6a)
. . Oc
fio = ,ug—ﬁ. (B.6b)
1 9

Proof. We show (B.6a) and note that (B.6b) follows similarly. A direct computation yields:

o0 (85 ({es}), 32, 52Vey) 0 (95 (1)), 32, 52Vey)

fla = Odcg, —div OVey
oV ({¢5} . {Vop}) 085
N Z 03 dca
oV ({95} . {Vos}) %p
* Z N os (ZV & acaa%)

- Zdw ({63 (V051 52

oV ({¢s},{Ves}) ook
; OV g Vv <8ca >

<a ({95} . {V5}) div(@\if({m},{wﬁ}))) 05
03 OVg Ocq

i (B.7)

=2
8
99
T
8
O

Lemma B.3 (Relations between chemical quantities). The chemical potential quantities
are related via the following identities:

flo = P~ pa (ﬂa - Zﬂﬁcﬁ) ) (B.8a)

B
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fio = ppa’ | o — > fuads | - (B.8b)
5

Proof. This follows from substituting (B.3) into (B.2). O

Lemma B.4 (Matching Korteweg tensors). The Korteweg stress tensors of the both mod-
eling choices are identical:

ov ov
2@: Voo ® =5 = %: Vo ® . (B.9)

Proof. This follows from (B.3) and (2.5b):

o D ov I,

%:VCO‘ Y New E@; X Vos | © < V4, 60a>
_ N~ (Da 06 o
=2 (&z)ﬁ 80a> Vo8P 596,

a,Byy

=Y V. ® o (B.10)

O

Theorem B.5 (Equivalence modeling restrictions). The modeling restrictions (3.21) and
(3.27) are equivalent.

Proof. We select the following relations between the Lagrange multipliers of the two mod-
eling choices:

= 5‘+Zﬂﬁ¢6- (B.11)
B

Invoking Lemma B.4 and substituting the relation (B.11) provides:

< ov . N 0 .
A - — Ul =) @ ® —— oo — V) 1. B.12
+§a:Vc ® 5ve +§£V¢ ®av¢a+(”¢ ) (B.12)
In a similar fashion we find
p i+ o A= o A+ 0t | e = Y g | o0t D ipds = g (B.13)
B [e%
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and conclude:

- Z \Y (P fro + pa Z Vga - Hq (B.14a)
> (Mo + P2 A) Ca ZgaCoz (B.14b)

O

Finally, we note that failure to properly account for the saturation constraint (2.5) may
result in erroneous derivations. For example, from (B.8) one can deduce

> fada =0, (B.15a)

> fiata =0, (B.15b)

which do not hold in general. In particular, this follows from the chain rule Lemma B.2:
R . Ocg
Z:uoﬂsa = Z Zﬂﬁ% Pas (B'16a)
a a B «
y 3¢
Zuaca = Z Z 5 A Cors (B.16b)
(6%

alongside with the identities:

9

> :a;i% — 0, (B.17a)
9%s . _

§ et S o (B.17h)

In this situation we have \ = \.

C Alternative constitutive modeling

In this section we provide some brief details on the constitutive modeling based on con-
centration variables. Appendix C.1 outlines the modeling assumptions, and Appendix C.2
derives the modeling restriction.
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C.1 Assumptions and modeling choices

We use the balance laws (3.1), where the mass balance laws are now written in terms of
concentration variables:

p(Opco, + v - Vo) + divH, = (o, (C.1a)
O (pv) +div (pv ® v) —divT — pb = 0, (C.1b)
T-T! = 0, (C.1c)

where (C.1a) holds for constituents aw = 1, ..., N. We use the energy-dissipation law (3.3):

d
=7 -2, (C.2)

with dissipation 2 > 0, and recall (3.4). We postulate the free energy to pertain to the
constitutive class:

U=y ({Ca}azl,...,N ) {Vcoz}azl,...,N> ) (C.3)

subject to the summation constraint (2.5a), and introduce the chemical potential quantities
(a=1,..,N):
oV 4 oV
= — —div .
Ha Ocg, OVey

(C.4)

C.2 Modeling restriction

By applying Reynolds transport theorem, the divergence theorem and integration by parts,
and identity (3.11), the evolution of the free energy W takes the form:

d y / . ov
— U dv = v divv + faCo — Ve, @ —— : Vv dv
dt Jr (s R(1) Za: Za: IV ea

0%
+ / (o 2Yy da, 5
OR(1) Za: OVeq (€9

Substituting the constituent mass balance laws (3.1a), and again applying integration by
parts, yields:

Sy DY 00 [
— U do = U divv + V(p~ i) - Hy
dt Jr@) Za: R(t) Za: ( :
o L
—;V0a®m:VV+Za:p fiaCo dv
ov
+/ Ca —p T pHy | - v da. C.6
OR(t) (Za: OVeq ) (o
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Addition of (3.15) and (C.6) provides the evolution of the total energy:
d oV
—& = - oHo —Co—=—1] vd
dt a7u)< Z<p fabla —¢ 8V0a>> v
o
— T + Vo ® =——— — VI | : Vv
/R(t) < Z OVeq )
+ Z p ,U'oz : Ha - p_lllaga) dv. (07)

Analogously to Section 3.2, we restore the degenerate nature of (C.7) via a Lagrange mul-
tiplier construction:

0= Adivv +V (XZp(;lHa> =Y pa'Ha - VA= XY i, (C.8)

where X is the scalar Lagrange multiplier. Integrating (C.8) over R(t) and subtracting the
result from (C.7) provides:

(ig <TT Z<p jioHe a—)—)\Zp_lH>

OR(t)
v .
_/R(t) <T+)\I+ZVca®avca —\IfI) . Vv
+Z ~V (p 1o + p3"A) - H,
— (P o+ pa ' A) Ca) o (C.9)

The rate of work and the dissipation take the forms:

W = <TT Z<p fiaHa aw@) Zp_1H> da, (C.10a)

OR(1)
oV .
9 = » <T+)\I+ZVca® Ve —\IfI) Vv
+Z ~V (p fio + p3"N) - H,
— (P o+ pa ' A) Ca) do. (C.10b)

Given that the control volume R = R(t), can be chosen arbitrarily, adhering to the energy
dissipation law requires that the following local inequality is satisfied:

<T+)\I+Zvca®aav\i —\i/I) Vv

42



>V (p  a+pa" ) Ho = (p o+ patA) o > 0. (C.11)

o
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